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Abstract
This research utilizes CFD to analyze blood flow through pathways representative of
central shunts, commonly used as part of the Fontan procedure to treat cyanotic heart
disease. In the first part of this research, a parametric study of steady, Newtonian blood
flow through parabolic pathways was performed to demonstrate the effect that flow
pathway curvature has on wall shear stress distribution and flow energy losses. In the
second part, blood flow through two shunts obtained via biplane angiograms is simulated.
Pressure boundary conditions were obtained via catheterization. Results showed that wall
shear stresses were of sufficient magnitude to initiate platelet activation, a precursor for
thrombus formation. Steady results utilizing time-averaged boundary conditions showed
excellent agreement with the time-averaged results obtained from pulsatile simulations. For
the points of interest in this research, namely wall shear stress distribution and flow energy
loss, the Newtonian viscosity model was found to yield acceptable results.
CFD, Numerical Methods, Central Shunt, Blood, Pulsatile, Fontan
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Chapter 1
Introduction
Single ventricle heart disease is a condition that is present at birth and manifests
itself by a non-existent, or severely malformed ventricle. Single ventricle heart conditions
include: hypoplastic right or left heart syndrome, tricuspid atresia, and double outlet left
ventricle. In patients with these conditions, heart abnormalities often reduce the heart’s
ability to pump blood through the cardiovascular system. Therefore, a strong importance
is placed on minimizing flow energy losses through any type of flow conducting pathway,
such as a shunt. This work investigates thrombogenic and energy-depleting blood flow
conditions in shunts commonly used to treat these conditions.
1.1 Anatomy and Blood Flow through a Healthy Heart
In healthy patients, oxygen-depleted blood returning from the systemic region
enters the right atrium through the superior vena cava (SVC) and inferior vena cava (IVC).
This blood is pumped into the right ventricle through the tricuspid valve and then to the
lungs via the pulmonary artery through the pulmonary valve. Once the blood has been
oxygenated by the lungs, this oxygen-rich blood returns to the left atrium via the
pulmonary veins. From the left atrium, oxygen-rich blood is pumped through the mitral
valve into the left ventricle and then through the aortic valve where it enters the aorta.
From the aorta, oxygen-rich blood is distributed back to the systemic system, where it will
be depleted of oxygen before returning to the heart via the SVC and IVC to be
reoxygenated. A schematic of this process in a healthy heart is shown in Figure 1.1.
1
Figure 1.1: Schematic of anatomy and blood flow through a healthy heart.
1.2 Single Ventricle Heart Conditions
In the case of a hypoplastic left or right heart, one side of the heart is not
sufficiently developed to assist in pumping blood. Patients born with a hypoplastic left
heart rely on the right ventricle to supply blood to both the lungs and to the systemic
system. An opening between the pulmonary artery and the aorta, called a patent ductus
arteriosus (PDA), allows blood to flow from the pulmonary artery to the aorta, but this
opening naturally closes shortly after birth. In patients with a hypoplastic left or right
heart, closing of the PDA without treatment can lead to near immediate death. Medication
can be used to maintain the PDA; however, this provides only a temporary fix until a more
permanent solution is enacted. A schematic of a hypoplastic left heart is shown in Figure
1.2.
In patients with tricuspid atresia, oxygen-rich blood returning from the lungs mixes
in the single ventricle with the oxygen-depleted, systemic blood. Hypoxia is a common
indicator of this condition, due to the low oxygen levels in the blood that is pumped
through the systemic system. A schematic of a heart with tricuspid atresia is given in
Figure 1.3.
These single ventricle heart conditions can be life threatening; however, procedures
such as the Fontan procedure have allowed many of these patients to live a more normal
life. In cases where the heart is severely malformed, the Fontan procedure may not be
feasible, and a heart transplant may be required.
2
Figure 1.2: Anatomy of an untreated hypoplastic left heart.
Figure 1.3: Anatomy of an untreated heart with tricuspid atresia.
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1.3 The Fontan Procedure
The Fontan procedure is a three-step procedure that is initiated shortly after birth
to treat the single ventricle heart condition. Once the Fontan procedure is completed, also
termed the total cavopulmonary connection (TCPC), oxygen-depleted, systemic blood is
rerouted directly to the pulmonary arteries, thereby bypassing the non-existent or
malformed right ventricle and receiving no mechanical energy input to aid in pumping this
blood through the lungs and back to the heart. Since the pumping capacity of the heart is
effectively halved, conservation of the blood’s mechanical energy becomes critical to help
ensure the health of the patient.
The first stage in the Fontan procedure, also referred to as the Norwood procedure,
is typically performed in the first few days after birth. In this procedure a pathway is
created to provide systemic blood from the aorta to the pulmonary artery. At this stage in
the Fontan process, all of the oxygen-depleted blood mixes in the single ventricle with the
oxygen-rich blood, and the shunt provides the necessary flow pathway to ensure sufficient
circulation through the pulmonary and systemic systems. Several variations of this
procedure have been developed, which differ in the type of shunt used. Commonly used
shunts for the Norwood procedure are the central aortic, modified Blalock-Taussig, and
Sano shunts, each offering unique advantages and disadvantages. Much of the work
presented in this thesis focuses on the central aortic shunt due to its frequent usage in
recent years.
The second stage in the Fontan procedure, also referred to as the Bidirectional
Glenn Operation, is typically performed around six months of age and allows for increased
flow of oxygen-depleted, systemic blood to the lungs. This procedure involves surgically
removing the previously installed central aortic, modified Blalock-Taussig, or Sano shunt
and creating an anastomosis of the superior vena cava to the right pulmonary artery. This
anastomosis is termed the bidirectional Glenn shunt. This procedure results in
approximately half of the oxygen-depleted, systemic blood being routed directly to the
lungs, while the remaining oxygen-depleted, systemic blood continues to mix with
oxygen-rich blood in the single ventricle.
The third and final stage in the Fontan procedure, commonly named the Fontan
Operation, is typically performed 18 to 36 months after the Glenn Operation and serves to
complete the TCPC, which completely segregates the pulmonary and systemic circulation
pathways and avoids mixing of oxygen-rich blood with oxygen-depleted blood. In this
procedure a tube conduit is used to connect the inferior vena cava to the right pulmonary
artery, resulting in blood returning from both the IVC and SVC to flow directly to the
lungs.
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1.4 Summary of Relevant Physics
This section presents a summary of the physics relevant to a fluid, taken to
represent human blood, flowing through vascular pathways commonly found in neonates.
These observations are discussed further in later sections.
 A viscous fluid flowing through a conduit experiences a loss in mechanical energy
through viscous shear effects. This mechanical energy loss is given off as heat and is
manifested within the fluid by a decrease in the static pressure.
 Viscous fluid flowing through a conduit experiences uni-directional flow only for a
zero-curvature flow path [8]. Secondary flow patterns are established for curved flow
paths, which give rise to the well known Dean vortices. These secondary flow
patterns result in increased wall velocity gradients near the vortices, which result in
increased wall shear stress levels, and ultimately increased mechanical energy loss.
 As a viscous fluid is forced to traverse a sharp bend, the inertial forces drive the fluid
toward the outer wall of the conduit, and an area of low pressure is established along
the inner wall. Under certain circumstances, this area of low pressure can give rise to
localized fluid recirculation, which gives activated platelets the residence time
required for thrombosis and attachment to the conduit wall.
1.5 Objectives of the Current Study
This work focuses primarily on the central shunt, which is frequently used as part of
the first stage of the Fontan procedure. The central shunt is constructed of
polytetrafluoroethylene (PTFE) and is routed from the ascending aorta to the pulmonary
artery in order to provide systemic blood flow to the pulmonary arteries. The central shunt
offers good pulmonary blood flow distribution with minor distortion of the pulmonary
arteries [21]; however, a high rate of thrombosis (16 % to 53 %) within these shunts has
been encountered [3, 16, 20]. A thrombosed shunt can result in death, which is often times
sudden.
High wall shear stresses have been shown to initiate platelet activation, thereby
leading to thrombus formation [14, 18]. This research aims to investigate wall shear stress
distributions and flow energy losses in simulated vascular pathways in order to better
understand thrombogenic factors and flow efficiencies in central shunts. Particular
attention is given to the effect that curvature has on these two parameters, in order to
provide insight for improving the efficiency (flow energy concerns) and effectiveness
(thrombogenic concerns) of central shunt use.
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In the first part of this research (Section 4.1), a parametric study is presented in
which the effects of curvature on wall shear stress distribution and flow energy losses are
investigated. Steady-state simulations were performed for an incompressible fluid, taken to
represent blood, flowing through idealized 3.5 mm and 4.0 mm diameter vessels of varying
pathway curvature. Pathway curvature was defined by a parabolic profile of varying focal
length. Results are presented for Newtonian viscosities of 0.003, 0.005 and 0.008 Pa s as
well as the Carreau and Truncated Power Law non-Newtonian viscosity models to evaluate
the significance of non-Newtonian effects and compare the two models.
In the second part of this study (Sections 4.2 and 4.3), realistic pathways of two
central aorta to pulmonary artery shunts were constructed from biplane angiograms of two
separate patients. Steady simulations were performed using Newtonian, Carreau, and
Truncated Power Law viscosity models. For the second geometry considered, pulsatile
simulations were performed using each of the three viscosity models considered, and the
results are compared to the steady results. The time-varying pressure obtained in vivo via
catheterization was used for the pulsatile simulations; whereas, the time-averaged pressure
was used for the steady state simulations. The results were analyzed for wall shear stress
distribution, flow energy losses, and regions of flow stagnation and recirculation.
Table 1.1: Summary of simulations included in this research
Section Simulation
4.1 Curvature Study
4.2.2 Geometry 1 - Steady, Newtonian
4.2.3 Geometry 1 - Steady, Non-Newtonian (Carreau)
4.2.3 Geometry 1 - Steady, Non-Newtonian (Truncated Power Law)
4.3.2 Geometry 2 - Steady, Newtonian
4.3.3 Geometry 2 - Steady, Non-Newtonian (Carreau)
4.3.3 Geometry 2 - Steady, Non-Newtonian (Truncated Power Law)
4.3.4 Geometry 2 - Pulsatile, Newtonian
4.3.5 Geometry 2 - Pulsatile, Non-Newtonian (Carreau)
4.3.5 Geometry 2 - Pulsatile, Non-Newtonian (Truncated Power Law)
This research aims to provide insight into thrombus initiating mechanisms and flow
energy losses in central aorta to pulmonary artery shunts commonly found in neonates with
cyanotic congenital heart disease. With a better understanding of the influence that shunt
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pathway geometry has on flow conditions, it is believed that doctors will be able to
implement these types of shunts with reduced chances for thrombosis as well as increased
blood flow distribution efficiency, critical in patients with univentricular heart disease.
These objectives will be achieved by:
 Generating 3-D geometric models of central shunts based on biplane angiograms of
patients having undergone the Norwood procedure.
 Meshing this geometry using the ANSYS Meshing software.
 Utilizing the Finite Volume method to solve the 3-D, incompressible Navier-Stokes
equations, for both steady and pulsatile flow, based on pressure boundary conditions
determined from in-vivo catheterization measurements.
 Evaluating the numerical results to develop generalized conclusions for how central
shunt flow path geometry influences wall shear stress distribution and flow energy
losses.
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Chapter 2
Literature Review
This chapter presents an overview of the various published works related to blood
flow in human cardiovascular pathways. Of special interest are publications which utilize
numerical methods to investigate thrombus initiating mechanisms and flow-energy losses
along the flow path, particularly those related to the TCPC.
Section 2.1 presents important supporting work that has been done but is not
numerical in nature. Sections 2.2 and 2.3 are divided based on whether the publication’s
primary focus considers the flow to be steady or pulsatile. Section 2.4 considers those
publications which have a strong focus on the importance of considering the non-Newtonian
property of blood. Many of the works presented below contain aspects relevant to multiple
sections, but an attempt was made to classify them by their predominant focus.
2.1 Experimental Studies
In 1997, Holme et al. [9] investigated the relationship between shear rate and
thrombus formation for blood flow using a parallel-plate perfusion chamber device. In the
first set of experiments, shear rates of 420, 2600 and 10,500 s−1 were investigated in the
absence of a stenosis. In the second set, an eccentric stenosis was introduced, and shear
rates at the apex of the stenosis were 2600 and 10,500 s−1. The results indicated a marked
increase in activated platelet volume at a shear rate of 10,500 s−1. While the results are not
sufficiently exhaustive to provide a clear initiating shear-rate for thrombus formation, they
do provide evidence that platelets are increasingly susceptible to activation with increasing
shear rate. Given that platelet activation is a precursor to thrombus formation, one may
conclude that shear-rates at or above 10,500 s−1 are sufficient for thrombus formation.
In 2003, Fenton et al. [7] studied a group of 146 infants aged 60 days or less who
were discharged from the hospital after being treated with systemic to pulmonary artery
shunts. The authors found that 21 of the patients (14%) died before the next planned
surgery. Mortality rates were significantly higher (81% versus 19%) in patients where the
shunt was the sole pathway for pulmonary blood flow. Autopsies were performed in 15 of
the 21 patients, and it was determined that shunt thrombosis was the cause of death in 5
(33%). The results indicated no apparent relation of mortality rates to aspirin usage.
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2.2 Non-Pulsatile Blood Flow Studies
Due to the nature of the cardiovascular system, blood flow is in fact a pulsatile
phenomenon. Many cardiovascular studies have assumed the flow to be steady, which
simplifies the analysis, and in the case of numerical methods, greatly reduces the required
computation time. Steady flow conditions for blood flow analyses are often sufficient for
general insight into a particular flow condition; however, one must evaluate whether a
particular result from such an analysis is relevant, given the level of pulsatility experienced
in vivo.
In 2007, Whitehead et al. [26] investigated blood flow power losses through the
TCPC of ten patients. Steady state simulations were performed at baseline conditions
derived from magnetic resonance imaging (MRI) measurements, as well as exercise
conditions of twice (2x) and three times (3x) these baseline conditions. The study
considered ten geometries obtained from a Fontan patient MRI database which included
velocity data for all caval veins. The geometries were ensured to be free from holes or
artifacts. Geometries were created from segmented MRI data with local smoothing and
cap-filling where necessary. Phase contrast through-plane velocity mapping was used to
measure flow rates for each vessel connected to the TCPC. The number of elements of the
meshed geometries varied from 548,842 to 1,674,440. The fluid was assumed to be laminar
and Newtonian, with a viscosity of 3.71× 10−3 N s m−2 and a density of 1060 kg m−3. Flow
rates at the left pulmonary artery (LPA) and right pulmonary artery (RPA) were specified
based on the percentage of total caval flow to each pulmonary artery (PA). Flow rate splits
to the LPA and RPA were assumed to remain constant across the baseline and exercise
cases; however the effect of flow rate split was evaluated by considering both 70/30 and
30/70 splits for flow to the LPA/RPA. The simulations “intended to simulate lower limb
exercise and assumed that all increases in caval blood flow are from the inferior vena cava
(IVC).” From the results of the ten geometries that were considered, it was found that
“power loss increases nonlinearly with increasing flow with an average increase of 10.5
times and 38.9 times baseline to the 2x and 3x exercise conditions, respectively.” The
relationship between power loss and pulmonary flow split was found to be highly dependent
on the specific geometry being considered. In the majority of the considered geometries,
power loss increased with increasing flow rate through the LPA. Only one geometry
displayed a consistent increase in power loss with increasing flow to the RPA. Two of the
ten geometries, however, showed power loss to be relatively insensitive to pulmonary flow
split. The importance of exercise in everyday lift underlines the significance of this work,
since very few studies have investigated the effects of exercise in TCPC patients. The
authors noted potential limitations of the study, leaving room for future work. One
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particular limitation is the use of rigid models, although it is suspected that this limitation
would affect results between 9 % to 15 %. To include the elastic nature of the arteries, an
analysis including fluid structure interaction (FSI) could be performed. The other notable
limitation is the assumption that the flow remains laminar in all considered conditions. If
regions of local turbulence are present for the considered flow conditions, the laminar flow
assumption which was imposed would result in underestimated power losses.
2.3 Pulsatile Blood Flow Studies
With the increase in available computing power in recent years, it is becoming
increasingly possible to consider the transient effects of blood flow in numerical analyses.
In many studies authors have utilized time-averaged boundary conditions to analyze a
steady flow condition in aims of achieving results generally representative of the flow over a
cardiac cycle. While this has proven useful in various cases, it is limiting in the sense that it
provides only a snapshot of a potentially representative flow condition. Important to note
is that, while the boundary conditions may be time averaged, the results do not necessarily
represent a true, time-averaged solution. For true, time-averaged results, a transient
analysis is required, and the results may then be averaged. A transient analysis allows
insight into other potentially thrombogenic mechanisms such as regions of flow reversal and
the degree to which wall shear stress (WSS) magnitudes vary over the cardiac cycle.
In 1985 Ku et al. [15] performed experimental measurements to investigate the
possible effects of flow characteristics on atherosclerosis. Atherosclerosis is a chronic disease
in which plaque deposits on the inner walls of the arteries result in thickening of the
arterial walls. The authors measured fluid velocities using laser Doppler velocimetry under
pulsatile flow conditions within a Plexiglass scale model of a human carotid bifurcation.
The model was constructed based on biplanar angiogram measurements from 57 patiens
between 34 and 77 years of age. Model dimensions were scaled upward at a ratio of 125:1
by volume “to permit flow velocity measurements using laser Doppler anemometry with a
resolution more than 1000 times greater than that typically obtained by in vivo Doppler
ultrasound measurements.” A mixture of water and glycerine was used under the
assumption that shear rates within the fluid were sufficiently high to justify a Newtonian
viscosity assumption. Wall shear stresses were computed from the measured velocity
profiles at five axial and four circumferential locations along the model. The pathways
within the scale model ranged from 17.6 mm to 34.4 mm. The pulsatile wave form used in
the study was measured using ultrasound Doppler velocimetry in a 22 year old male with
no angiographic evidence of arterial stenosis. Model conditions were adjusted to provide a
mean flow rate of 5 mL s−1 (Re = 300) and a peak flow of 13 mL s−1 (Re = 800), with the
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Reynolds number, Re, based on an artery diameter of 6.1 mm and a viscosity of
0.035 cm2 s−1. Plaque thickness in the carotid arteries of cadavers from patients aged 27 to
73 years with no history of symptomatic cerebrovascular disease were used to compare to
the flow velocities and WSS obtained from the scale model. The authors found that, while
velocity magnitude varied over the cardiac cycle, certain regions of near-wall flow velocity
vectors were unidirectional, and localized flow reversal was not experienced. In other
locations, near-wall flow velocities varied in direction, and in some instances, actually
reversed direction during a cardiac cycle. The results showed that the region of highest wall
shear stress occurred at the bifurcation with maximum, minimum, and mean values of 4.1,
1.0 and 1.7 Pa, respectively. Corresponding regions of the in vitro arteries showed minimal
thickening. Conversely, in vitro thickening was most significant at the outer wall of the
carotid sinus where WSS were low; however, instantaneous WSS oscillations were present
and ranged from −0.7 Pa to +0.4 Pa, with the sign indicating a change in direction from
the predominant axial alignment. The authors concluded that the in vitro regions of most
significant atherosclerosis are sites of low, time-averaged, mean shear stress with apparent
shear stress oscillations, both of which contribute to increased fluid residence time. They
propose that, “The increased fluid residence time may result in modification of the mass
transport of atherogenic substances between lumen and wall or in interference with
endothelial metabolism by mechanisms. In addition, blood-borne cellular elements such as
platelets and macrophages, said to play a role in atherogenesis, would be expected to have
an increased probability of deposition or adhesion in regions of increased residence time.”
In 2011 Soulis et al. [23] considered four non-Newtonian viscosity models in addition
to the Newtonian model for pulsatile flow in a normal human aorta. Of particular interest
were the average WSS, oscillatory shear index (OSI), and relative residence time (RRT)
over a cardiac cycle. RRT is relevant, since it is believed that areas of high RRT are more
prone to atherosclerosis. The geometry consisted of an ascending aorta inlet diameter of
3.477 cm and a descending aorta outlet diameter of 3.076 cm. The brachiocephalic, left
common, and left subclavian arteries were 1.435, 1.273 and 1.433 cm, respectively. The
numerical model consisted of 797,000 cells. Only results for the Carreau and Power Law
models are presented. In general time-averaged WSS values are higher in the Carreau
model as compared to the Power Law model. OSI values as high as 0.44 are apparent in
the aortic branches. In the aorta OSI values are predominately between 0.15 and 0.3. Both
viscosity models predict increased RRT in the concave region downstream of the aortic
branches, where the fluid is turned downward toward the descending aorta. Worth noting
is that this region of high RRT also exhibits low time-averaged WSS, high OSI, and low
apparent viscosity. Unfortunately, the author makes little mention of the results for the
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Newtonian or Casson viscosity models. Although no justification is given, the author
argues that “the non-Newtonian Power Law blood flow model approximates the molecular
viscosity, WSS, OSI and particularly the RRT in a more satisfactory way, particularly at
low strain rates.”
In 2012 Long et al. [17] performed FSI simulations using variable wall properties for
geometries obtained from two patients having undergone the Fontan procedure. The
geometries were reconstructed from post-operative phase contrast MRI data. Respiration
rate, heart rate, and venous pressure were also obtained via catheter measurements. MRI
scans were performed in a 1.5-Tesla MRI scanner using Gadolinium-based contrast agents.
Age, gender, body surface area (BSA), and mean Fontan pressures for the two patients
considered are given in Table 2.1.
Table 2.1: Patient details for Ref. [17]
Patient Age Gender BSA (m2) Mean Fontan Pressure (mmHg)
1 3 Male 0.68 m2 11
2 6 Female 0.71 m2 9.5
Geometries were created using the software package Simvascular, while meshing was
performed using MeshSim (Symmetrix, Inc., Troy, NY). A finite element method (FEM)
was used to solve both the fluid and solid domains. The finite element (FE) equations
representing these two domains are coupled and must therefore be solved simultaneously.
See [17] for further details. The boundary conditions at the vessel outlets were determined
iteratively using a resistor-capacitor-resistor circuit. Respiration effects were assumed to be
negligible for flow rate in the SVC but were captured for flow into the IVC. To capture
these respiration effects in the IVC, a steady state simulation was performed, and
boundary condition resistance values were varied until the mean pressures obtained in the
numerical results approximated those obtained via catheterization. Lagrange interpolation
was then used to generate two curves whose amplitudes were similarly varied until the
pressure waveforms approximated those obtained via catheterization. By then
superimposing the cardiac component, while holding the mean flow rate constant, a new
curve resulted, which reflected both the mean flow rate and mean pressure over time.
Uniform velocity profiles were specified at all inlets. The Gore-Tex shunt material, being
significantly less elastic than the PAs, was assumed to have an elastic coefficient of
4× 108 dynes/cm2 and density of 3.3 g/cm3. The modulus of elasticity for the PAs was
determined as a function of diastolic wall thickness, pressure differential between diastole
and peak systole, difference in vessel radius between diastole and peak systole, and
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diastolic radius. Diastolic wall thickness was related to diastolic vessel radius by t = 1
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R,
and based on PC-MRI data, the modulus of elasticity of the SVC was assumed to be 10 %
lower than that of the PAs. This relationship between diastolic wall thickness and diastolic
vessel radius was assumed only at the vessel extremities. The authors used a technique
which solves the Laplace equation in order to compute wall thicknesses for the interior
regions of the vessels. Simulations were performed for an FSI case with varying material
properties, a rigid wall case, and a “control” case consisting of an FSI simulation with
uniform material properties. Results suggested that mean pressures in the rigid wall
simulations were 11.8 % and 10.5 % higher than the FSI simulations for patients 1 and 2,
respectively. For patient 1 WSS distributions were “qualitatively unchanged” between the
rigid and FSI simulations, but WSS magnitude differences as large as 48 % were noticeable,
with the rigid wall simulations consistently showing the higher WSS of the two. Worth
noting is that the regions where the largest WSS differences occurred were not the regions
of highest WSS in the domain. At the point of maximum WSS, the difference in magnitude
was 10 %. In patient 2 a region existed where WSS was 29.4 % higher for the FSI
simulation, but elsewhere, including the region of maximum WSS, the rigid wall model
yielded higher WSS magnitudes. The difference in WSS magnitude between the rigid wall
and FSI results in the region of maximum WSS was 11.2 %. Differences in WSS results
between the control FSI and non-uniform material FSI cases were consistently between 10
and 20 %. Hepatic flow distribution was calculated by first post-processing the results using
an advection-diffusion solver and integrating the IVC flow at the inlets and outlets over
time. Hepatic flow distribution was found to vary negligibly between the three cases
considered, with RPA-LPA splits of approximately 87 % -13 % and 25 %-75 % for patients 1
and 2, respectively. Instantaneous energy efficiency values were relatively constant for the
rigid cases and varied more substantially in the FSI cases. However, time-averaged values
for energy efficiency were found to differ by less than 2 %. The authors concluded that FSI
effects have little influence on pressure tracings, hepatic flow distribution, and energy
efficiency, but that FSI effects can be significant enough to justify inclusion in
investigations into thrombus formation, where WSS distribution is important.
2.4 Studies on the Significance of Non-Newtonian Models for Blood Flow in
Large Arteries
It has been long known that human blood does not obey Newton’s viscosity relation
over all shear rates. Instead, blood behaves as a shear thinning fluid, since the apparent
viscosity decreases with increasing shear rate. It is generally accepted that blood exhibits a
non-Newtonian nature only at shear rates below approximately 100s−1.
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In 1962 Wells Jr and Merrill [25] measured this shear rate dependence for the
viscosity of blood using a cone-plate viscometer for hematocrit levels between 16 and 70
percent. Hematocrit is defined as the percentage of red blood cells by volume relative to
whole blood. In the study the authors argue that capillary viscometers, which were
commonly used at that time, present difficulties in accurately measuring viscosities at
shear rates below 100s−1. For this reason a cone-plate viscometer was used in order to
accurately measure viscosities at shear rates between 12s−1 and 120s−1. The results not
only confirmed the previously accepted relationship of increasing viscosity with increasing
hematocrit levels, but it also showed that viscosities increased non-linearly as the shear
rate was reduced from approximately 100s−1. At shear rates above 100s−1 viscosities
approach an asymptotic value which varied with hematocrit level. This asymptotic,
apparent viscosity is typically denoted as the infinite shear viscosity, µ∞. The non-linear
effects on viscosity were found to be increasingly apparent as hematocrit levels increased.
In 1990, Rodkiewicz et al. [22] challenged the assumption that blood behaves as a
Newtonian fluid in “large” blood vessels, noting that the high shear rates typically
associated with blood flow in large vessels are not necessarily representative of shear rates
over an entire cardiac cycle. Based on shear rates in a femoral artery, the authors argue
that “it appears more appropriate to say that the non-Newtonian blood behaves
predominantly as a non-Newtonian fluid, and only for a part of the time period and in a
part of flow cross-sectional area(about one-fifth) as a Newtonian fluid. The finite difference
method was used to simulate pulsatile flow through a 3 mm pathway, taken to represent a
femoral artery. Fluid properties were assumed to be µ = 0.007,97 Pa s, ρ = 1133 kg m−3,
pulsefrequency = 1.2 Hz, flowrate = 1.410 L min−1, hematocrit(H) = 40 % to 45 %, and
totalproteinminusalbumin(TPMA) = 30 g L−1 to 40 g L−1. Newtonian, Casson, Bingham,
and Walburn-Schnek viscosity models were considered. Steady flow results indicated that
the Newtonian and Bingham velocity profiles were virtually identical. The Casson model
showed slight differences, but all velocity profiles were qualitatively similar. Pulsatile
results indicated complete flow reversal at the start and and of a cardiac cycle for the
Newtonian, Bingham, and Casson viscosity models. Results using the Walburn-Schnek
model were substantially diffferent from these other models. Results for WSS were similar,
with the Newtonian, Casson, and Bingham models yielding very similar trends of WSS
over time. The Walburn-Schnek model predicted dimensionless WSS values nearly ten-fold
less than the other models, but the author notes that this is a result of the way the
dimensionless WSS was defined for the Walburn-Schnek model. Considering actual shear
stress values showed that the Walburn-Schnek model produced the highest WSS values.
The authors concluded that “for fully developed steady state flow through an artery
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(straight rigid tube) the blood behaves as a Newtonian fluid.” In large arteries, however, it
is noted that blood flow is “markedly pulsatile and the non-Newtonian effects becoms
significant.” The Walburn-Schnek model is cautioned for use in high strain rate flow
conditions, since it was developed around low shear rates.
In 2003, Johnston et al. [11] compared results for five non-Newtonian viscosity
models, in addition to the Newtonian model, for steady flow through four different right
coronary arteries. The models were constructed from bi-plane angiograms, which had been
taken from patients showing no signs of atherosclerosis. Three of the four arteries had
diameters which varied from 3 mm to 5 mm, while the fourth’s varied from 5 mm to 7 mm.
The five non-Newtonian models considered were the Carreau, Walburn-Schneck, Power
Law, Casson, and Generalized Power Law models. A Newtonian viscosity of 0.003,45 Pa s
was assumed, and the non-Newtonain viscosity parameters for each model were taken from
previous publications in which the various models were fit to experimental blood viscosity
data. While the general consensus is that blood behaves as a Newtonian fluid at high shear
rates, the Power Law and Walburn-Schneck models result in apparent viscosities less than
the Newtonian value do to the continuously thinning nature of these models. The Casson
and Carreau models both tend to agree quite well with experimental data, but the
Generalized Power Law appears to provide the most robust model across all strain rates. A
finite volume method was used to solve the incompressible Navier-Stokes equations, and a
mesh independence study was performed by increasing the number of cells and showing
that the maximum WSS differed from the original mesh by less than 1 %. The non-slip
condition was imposed at the artery walls, and a paraboloidal velocity profile was specified
at the inlet. The outlet was defined to be stress-free with a specified gauge pressure of 0 Pa.
The authors found that the pattern of wall shear stress was consistent across all considered
viscosity models. Significant differences between the wall shear stress magnitudes were
found only for “low inlet velocities and also, in the cases of the Walburn-Schneck model
and the Power Law model, for high inlet velocities; the Walburn-Schneck model
under-estimates WSS at high inlet velocities and the Newtonian model under-estimates
WSS at low inlet velocities.” The authors suggest that the Power Law and
Walburn-Schneck models not be used to model blood viscosity, while the Newtonian
viscosity model is said to provide a “good approximation in regions of mid-range to high
shear.” The Generalized Power Law model is presented as the most robust option, since it
best approximates the experimental blood viscosity data. The authors allude to the need
for their future work which considers a similar analysis for transient conditions; however,
they caution that one must consider whether the established non-Newtonian viscosity
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models typically used for blood are relevant for transient analyses given the fact that the
experimental data they are based on is achieved at steady state conditions.
In 2006 Johnston et al. [12] expanded their 2004 work by comparing the Generalized
Power Law and Newtonian viscosity models for pulsatile blood flow through the same four
right coronary arteries that were previously studied in the 2004 publication. This work,
like the previous, focused primarily on WSS distributions over a cardiac cycle. The authors
note that conflicting results had been published regarding the importance of considering a
non-Newtonian viscosity model for blood flow in large arteries. The authors were interested
in whether the periods of low flow during the cardiac cycle, which would potentially reduce
shear rates to below the 100 s−1 threshold where non-Newtonian properties become
apparent, would have a significant effect on the WSS distribution over the entire cardiac
cycle. Once again, a finite volume method was used to solve the incompressible
Navier-Stokes equations. The same boundary conditions were applied at the artery walls
and outlet, but a time-varying, uniform velocity profile was imposed. This time-dependent
velocity profile was measured in the right coronary artery of a normal 56 year old female.
The velocity tracing showed a small period of reverse flow, with other periods of rapid
acceleration and deceleration. The velocity profile was scaled to achieve an inlet velocity of
0.214 m s−1 with a heart rate of 60 bpm. The authors admit that their analyses do not
consider any daughter branches from the artery, which has been shown to have a significant
effect on WSS distributions. Each transient analysis was run for one cardiac cycle. Again,
local and global non-Newtonian importance factors were defined and used to compare the
results. These non-Newtonian importance factors showed that the non-Newtonian effects
were “only significant for approximately 30% of the cardiac cycle”, during which time wall
shear stresses were very low. Aside from comparing only Newtonian to non-Newtonian
results, the authors made an important realization by comparing the pulsatile results to
the steady state results from the 2004 study. The comparison showed that the wall shear
stresses from the steady analyses were “qualitatively the same as those obtained [in the
transient analyses] for a majority of the cardiac cycle.” The authors concluded that “a
Newtonian model for blood viscosity is an adequate approximation for transient
simulations.” Furthermore, the duration over which the non-Newtonian effects are
significant would decrease with increasing heart rate. Specifically with reference to WSS
distributions, the authors note that “there is little practical difference between a
Newtonian and a non-Newtonian model for blood viscosity.” Conversely, they argue that
the non-Newtonian viscosity model could have significant effects on analyses in which
mixing or stresses on individual blood cells is being investigated.
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In 2011 Tazyukov et al. [24] studied the effects of four non-Newtonian viscosity
models along with the Newtonian model for blood flow in stenosed arterial arteries using
the finite volume method (FVM). The study considered two-dimensional flow, with a
particular interest on WSS distribution, which is believed to play a role in atherosclerosis
formation and further development of cardiovascular disease (CVD). The author reports
that “nearly 2400 Americals die of CVD each day (an average of 1 death every 37
seconds).” Stenoses are deemed clinically signifcant when their severity exceeds 75 %,
where severity is defined as the percent reduction in cross-sectional area of the blood vessel.
The stenosis geometry was defined using the Young’s model, which was assumed to be a
function of the non-stenosed artery radius, the length of the stenosed region, the maximum
height of the stenosis, and the non-stenosed vessel length upstream of the stenosis. Flow
conditions were assumed to be two-dimensional, laminar, incompressible, steady state, and
the walls were assumed to be rigid. Symmetry was not imposed in order to investigate any
asymmetries imposed by the Coanda effect, which the author describes as “the increase of
the velocity close to one wall of the channel, which causees a pressure decrease close to that
wall and a pressure increase on the opposite side.” The author notes that the Coanda
effect is more significant in two-dimensional channel flow as compared to three-dimensional
tubular flow. At the inlet the velocity profile was specified based on fully developed
Poiseuille flow. The viscosity models considered are given in Table 2.2 along with their
respective parameters where available.
Table 2.2: Viscosity models considered for Ref. [24]
Newtonian µ ≈ 0.003,45 Pa s
Power-Law µ = Cγ˙(n−1)
Pseudoplastic: n = 0.5
Dilatant: n = 1.5
Modified (Truncated) Power-Law µ = max
[
µ∞;min
(
Cγ˙(n−1);µ0
)]
Cross µ = µ∞ +
µ0−µ∞
1+(λγ˙)m
µ∞ = 3.5× 10−3 Pa s, µ0 = 160× 10−3 Pa s
λ = 8.2 s, m = 0.64
Carreau-Yasuda µ = µ∞ +
µ0−µ∞
[1+(λγ˙)a]
1−n
a
µ∞ = 3.45× 10−3 Pa s, µ0 = 56× 10−3 Pa s
λ = 3.31 s, a = 2, λn = 0.357
The Power-Law model benefits from the fact that it integrates into analytical
solutions more easily than the other models. The Power-Law model is typically able to be
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fit to most fluids; however, it often must be constrained to a limited range of shear rates.
In the case of blood flow, the apparent viscosity computed by the Power-Law model can
reduce to below the Newtonian viscosity levels at high shear rates. Since this disagrees
with experimental measurements, this model is most suitable for cases with low to
mid-range shear rates. The Modified (Truncated) Power-Law viscosity model compensates
for some of the problems inherent to the Power-Law model, but this comes at the expense
of introducing a piecewise function. For numerical routines, this may not be much of a
problem, but this limits its usefulness in analytical techniques. The Cross model is a
four-parameter equation “capable of capturing the full bulk rheological behavior of
pseudoplastic solutions.” The parameter, λ, is the inverse of the critical shear rate, γc,
which indicates the shear rate above which shear thinning effects become significant. The
Carreau-Yasuda model contains a fifth parameter, a, which influences the transition region
between the zero-shear rate region and the shear-thinning region. Fitting of the
Carreau-Yasuda model to many shear-thinning fluids results in a common value of a = 2.
Due to the commonality of this parameter, the Carreau-Yasuda model is referred to as
simply the Carreau model when a = 2. Results were obtained for Reynolds numbers of 10,
30, and 50. At low Reynolds numbers, results for all viscosity models were found to be
symmetric and had similar recirculation region sizes. As expected, flow separation became
increasingly apparent as Reynolds number increased, and asymmetries developed. Axial
velocity and pressure results along the vessel centerline were nearly identical for all
viscosity models considered except the dilatant case. Similarly, WSS results along the
vessel upper wall were seemingly identical for all viscosity models except the dilatant case.
On the lower wall, where the larger region of flow separation developed, more significant
differences were noticed between the various viscosity models. Still, results were
comparatively similar and all considered models, with the exception of the dilatant case,
would seem reasonable for the considered flow conditions.
In 2012 Karimi et al. [13] investigated the importance of considering blood’s
non-Newtonian characteristics for stenosed carotid arteries of varying diameters, with a
particular interest in factors believed to contribute to atherosclerosis. The Carreau and
modified Power Law viscosity models were considered in addition to the Newtonian model.
Several parameters were monitored in the simulations: Womersley number, velocity profile,
pressure gradient, wall shear stress, and the OSI. The Womersley number is a
non-dimensional number representing the ratio between transient inertial forces and
viscous forces. It is defined as α2 = ρωU
µUR−2 =
ωR2
ν
, where ω is the angular frequency of the
oscillations, R is the characteristic length, and ν is the dynamic viscosity. In effect the
Womersley number gives insight into the pulsatility of a flow field. OSI gives an indication
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of the variation of WSS over a cardiac cycle. By definition, OSI ranges in value from 0 to
0.5, with 0 representing no oscillation in the WSS vector and 0.5 representing 180° reversal.
Two-dimensional profiles representing the stenosed artery at 50% and 75% cross-sectional
area reduction were created using a cosine curve to define the region of stenosis. A cardiac
cycle duration of 0.75 s was assumed. With the unstenosed diameter of the vessel defined
as D, the prestenosis vessel length was defined as 5D, the stenosis length 2D, and the
poststenosis length 21D. Vessel diameters of 5.4, 6.4 and 7.5 mm were considered, which
correspond to the minimum, average, and maximum diameters of common carotid arteries
in men. The flow was assumed to be laminar, incompressible, axisymmetric. Table 2.3
gives the three viscosity models considered and the values assumed for their respective
parameters.
Table 2.3: Viscosity models considered for Ref. [13]
Newtonian µ = 0.0035 kg m−1 s−1
Modified Power Law µ∞ < µ = m |γ˙|n−1 < µ0
µ∞ = 0.003,45 N s m−2, µ0 = 0.056 N s m−2
m = 0.027 kg m−1 s−1, n = 0.53
Carreau µ = µ∞ + (µ0 − µ∞)
[
1 + (n |γ˙|)2]m
µ∞ = 0.003,45 N s m−2, µ0 = 0.056 N s m−2
m = 10.975, n = −0.3216
The software package GAMBIT was used to mesh the geometry, and FLUENT was
then used to solve the 2D-axisymmetric Navier-Stokes equations. To specify the viscosity
models and inlet velocity profiles, Fluent’s user defined function (UDF) feature was utilized
along with a second-order scheme and SIMPLEC method for velocity-pressure coupling.
The software’s adaptive mesh feature was used to refine the mesh in areas of high velocity
gradients. Initial meshes (before automatic mesh refinement) consisted of approximately
700,000 nodes. The authors found that the Womersley number varied significantly between
the Newtonian and non-Newtonian viscosity models. This difference was observed to
become more significant with increasing vessel diameter. Based on published experimental
values for the Womersley number, the non-Newtonian viscosity models, and in particular
the Carreau model, showed the best correlation to the experimental value of 4.40.
Similarly, velocity profiles were found to differ between the viscosity models, particularly
during the peak systole and deceleration times during the cardiac cycle. The difference in
velocity profiles between the viscosity models appeared to increase in significance as vessel
diameter increased, with the 5.4 mm vessel exhibiting negligible differences between the
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viscosity models. In most cases vessel diameter appeared to hve marginal effects on OSI
and no trend was readily apparent between the viscosity models and OSI values. When
considering WSS values along the entire arterial wall at various times, the results suggested
that the viscosity models were found to have an increasing effect on WSS values as vessel
diameter decreased. At the throat of the stenosis, however, WSS values appeared to be
affected by the viscosity model more significantly in the larger diameter vessel than in the
smaller. The middle vessel diameter considered, 6.4 mm, showed very little WSS variance
with viscosity model as compared to the smaller and larger vessel diameters. This could
potentially be explained by numerical reasons such as mesh quality or solution convergence.
In 2013 Husain et al. [10] investigated the effects on WSS of different viscosity
models for pulsatile blood flow through a stenotic vessel. The authors considered the
Power Law, Casson, Carreau, and Generalized Power Law non-Newtonian viscosity models,
in addition to the Newtonian model, to compare their differences and evaluate whether
using a Newtonian model was sufficient for the considered flow conditions. The analyses
considered varying degrees of stenosis of 20, 50 and 80 % for diameters of 0.8 cm and
0.64 cm. Geometry creation was performed using Matlab, and a finite element method was
employed to solve the Navier-Stokes (NS) equations using the software package COMSOL.
The numerical model assumed the vessel walls to be rigid, and the no-slip condition was
imposed. A stress-free condition and zero gauge pressure was applied at the vessel outlet.
At the inlet, the fully developed velocity profile for the respective viscosity model being
considered was specified. A forcing function was defined for the inlet velocity profile to
imitate the pulsatility over a cardiac cycle. The cardiac cycle corresponded to a heart rate
of approximately 60 bpm, and the simulations were run for 10 s. The authors found that all
non-Newtonian models resulted in a higher pressure drop than the Newtonian, except for
the Power Law model. The WSS distribution was found to differ only slightly between the
various viscosity models, with the exception of the Power Law model, which predicted
lower WSS values than the other models. The authors concluded that the Power Law
model “tends to break down at higher shear rates in that it reduces the viscosity of the
blood to levels below the Newtonian level which theoretically should not be possible.” Of
the other models, it was determined that “the Newtonian model is a good approximation
in regions of mid-range to high shear but the Generalized Power Law model provides a
better approximation of wall shear stress at low shear.”
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Chapter 3
Mathematical Model
3.1 Governing Differential Equations
Viscous fluid flow is governed by the conservation of mass (or continuity) and
conservation of momentum equations. This research assumes the following:
 3-dimensional domain
 Incompressible, homogeneous fluid
 Laminar flow conditions
 Negligible gravitational effects
 No external forces
The continuity equation with no mass generation may be written in vector form as
∂ρ
∂t
+∇ · (ρu) = 0 (3.1)
which for the incompressible case (both steady and unsteady) reduces to
∇ · u = 0 (3.2)
The conservation of momentum equation, also referred to as the Navier-Stokes equation,
may be written in vector form in the absence of external forces and gravitational
acceleration as
ρ
[
∂u
∂t
+ (u · ∇)u
]
= −∇p+∇ · ﬁ (3.3)
where u is the velocity vector, ﬁ is the stress tensor and p is the static pressure. The stress
tensor, ﬁ is defined as
ﬁ = µ
[(∇u+∇uT )− 2
3
∇ · uI
]
(3.4)
where µ is the molecular viscosity and I is the unit tensor. For incompressible flow in
which ∇ · u = 0 (Equation 3.2), this equation reduces to
ﬁ = µ
(∇u+∇uT ) (3.5)
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Note that no restriction has yet been placed on the flow being steady or whether the fluid
is of Newtonian nature. Therefore, the governing differential equations for unsteady,
incompressible fluid flow are
∇ · u = 0
ρ
[
∂u
∂t
+ (u · ∇)u
]
= −∇p+∇ · [µ (∇u+∇uT )] (3.6)
3.2 Non-Newtonian Viscosity Models
Blood has been long known to exhibit non-Newtonian characteristics, particularly at
shear rates below 100s−1 [4, 19]. Hematocrit, which is the percentage by volume of red
blood cells in whole blood, has been shown to increase with increasing viscosity. At high
shear rates, blood exhibits Newtonian behavior, since its apparent viscosity approaches an
asymptotic value, called the infinite shear viscosity, µ∞. Depending on the flow conditions,
non-Newtonian effects can have widely varying levels of influence on the solution. For
conditions where shear rates are predominately high, blood is often modeled as a
Newtonian fluid, in which case the infinite shear viscosity would be used.
Numerous viscosity models have been developed in an attempt to capture the
non-Newtonian nature of blood. Some of the more commonly used viscosity models are the
power law, modified (truncated) power law, generalized power law, Cross, Carreau-Yasuda,
and Casson models. Each model offers certain advantages and disadvantages, which are
summarized below.
3.2.1 Power Law Model [10, 11, 24]
The power law model offers the advantage of being relatively easy to implement;
however, it suffers from the fact that it tends to over predict the apparent viscosity at very
low shear rates and under predict it at high shear rates. The power law equation is
µ = Cγ˙n−1 (3.7)
where C and n are curve-fitting constants.
3.2.2 Modified (Truncated) Power Law Model [24]
The modified power law model improves on the power law model by truncating the
range of acceptable apparent viscosities using a piecewise function. This model yields
better results than the power law model, especially when shear rates are outside the
shear-thinning region. The disadvantage, however, is that the piecewise nature of this
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model makes it difficult to incorporate into analytical solutions. For numerical solutions,
this model can be implemented and yields reasonable results. The modified power law
equation is
µ = max
[
µ∞;min
(
Cγ˙n−1;µ0
)]
(3.8)
where µ0 and µ∞ are the zero-shear viscosity and infinite-shear viscosity, respectively.
3.2.3 Generalized Power Law Model [10, 11]
The generalized power law model is a more complex, highly-nonlinear model which
does not rely on a piecewise function and “encompasses the Power Law model at low
strain, the Newtonian model at mid-range and high strain (from about 200s−1) and has the
Casson model as a special case.” [11] The generalized power law equation is
µ = λ |γ˙|n−1
λ(γ˙) = µ∞ +∆µ exp
[
−
(
1 +
|γ˙|
a
)
exp
(−b
|γ˙|
)]
n(γ˙) = n∞ +∆n exp
[
−
(
1 +
|γ˙|
c
)
exp
(−d
|γ˙|
)] (3.9)
where ∆µ, ∆n, a, b, c, and d are curve fitting coefficients.
3.2.4 Cross Model [24]
The Cross model utilizes a time constant, λ, to impose the point on the viscosity
curve where the shear thinning region transitions to the Newtonian region. This point is
defined as γ˙transition = 1/λ, where γ˙transition is the strain rate which corresponds to this
transition point. The Cross equation is
µ = µ∞ +
µ0 − µ∞
1 + (λγ˙)m
(3.10)
where m is a curve fitting parameter.
3.2.5 Carreau and Carreau-Yasuda Models [10, 11, 24]
The Carreau-Yasuda model expands on the Cross model by introducing an
additional parameter, a, which effects the transition region. When a = 2, the
Carreau-Yasuda model is referred to as simply the Carreau model. Typically, the
parameter m from the Cross model is replaced with m = 1− n in the Carreau-Yasuda
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model. The Carreau-Yasuda equation is
µ = µ∞ +
µ0 − µ∞
[1 + (λγ˙)a]
1−n
a
(3.11)
3.2.6 Casson Model [10, 11]
The Casson model offers the ability to take into account hematocrit levels, which
has been shown to influence the viscosity of blood. A disadvantage of this model is that it
is known to transition to the Newtonian region at shear rates much higher than 100s−1.
The Casson equation is
µ =
[√
τy +
√
η |γ˙|
]2
|γ˙|
where,
τy = 0.1(0.625H)
3
η = 0.0012 Pa s(1−H)−2.5
(3.12)
where τy and η are functions of hematocrit.
3.3 Numerical Formulation
3.3.1 Finite Volume Method
The governing differential equations given by Equation 3.6 form a coupled system of
non-linear partial differential equations. Given their complexity, numerical methods are
typically utilized in order to obtain a discreet, approximate solution.
In this research the finite volume (FV) method is utilized to discretize the governing
differential equations. This method is a conservative method, which divides the fluid
domain into discreet volumes called cells. Each governing differential equation is integrated
over each cell, and the fluxes are linked at interface surfaces between adjacent cells. The
dependent variables, u and p, are solved for at each cell’s centroid and correspond to the
number of degrees of freedom.
To obtain the equations relevant to the FV method, we first integrate the continuity
equation over a control volume. ˆ
V
(∇ · u) dV = 0
By applying the Gauss Divergence Theorem, which may be written as
ˆ
V
(∇ ·Q) dV =
ˆ
A
(Q · n) dA (3.13)
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where Q is some vector quantity and n represents the unit normal vector to a control
surface, A, we can re-write the continuity equation as
ˆ
A
(u · n) dA = 0 (3.14)
The same approach is now applied to the momentum equation.
ˆ
V
[
∂
∂t
(ρu)
]
dV +
ˆ
V
[∇ · (ρuu)] dV =
ˆ
V
[−∇p] dV +
ˆ
V
{∇ · [µ (∇u+∇uT )]} dV
Since the limits of integration on the first term are not a function of t, the order of
differentiation and integration may be interchanged. Using the Gauss Divergence Theorem
again, the equation becomes
∂
∂t
ˆ
V
(ρu) dV +
ˆ
A
(ρu) (u · n) dA =
ˆ
A
−pndA+
ˆ
A
[
µ
(∇u+∇uT )] · ndA
Finally, the governing equations for use in the FV method are
ˆ
A
(u · n) dA = 0
∂
∂t
ˆ
V
(ρu) dV +
ˆ
A
(ρu) (u · n) dA =
ˆ
A
−pndA+
ˆ
A
[
µ
(∇u+∇uT )] · ndA (3.15)
3.3.2 Initial Conditions / Boundary Conditions
The FV method, like other numerical methods, requires that certain conditions be
specified at the domain boundaries in order for a unique solution to exist. In this research
the boundary conditions will be specified in terms of the dependent variables u and p.
The simulations in this research are based on pressure measurements taken in vivo
via catheterization. To impose relevant boundary conditions on the numerical model, the
pressures at the vessel inlet and outlet were specified. Fluent, the CFD software package
utilized in this research, requires that the total pressure be specified if a pressure is to be
specified as the boundary condition at the inlet. The total pressure, ptot, consists of the
static pressure as well as a dynamic pressure term (commonly referred to as velocity head)
and is defined as
ptot = p+
1
2
ρu2 (3.16)
where p is the static pressure, and u is the fluid velocity magnitude at the considered
location.
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In the case of a central aorta to pulmonary shunt, the shunt inlet is located in the
relatively large aortic chamber, where velocities are low, and therefore, static pressures are
negligibly different from total pressures. This assumption of relatively insignificant
differences between static and total pressures in the aorta is the basis for the total pressure
boundary condition at the inlet of the shunt. It is noted, however, that once inside the
shunt, a drop in the fluid’s static pressure is experienced, since a portion of the total
pressure is converted into kinetic energy in the form of increased fluid velocities. Figure 3.1
shows an angiogram of a pigtail catheter being used to take measurements and inject
pigment in the aorta of a patient.
Pressure measurements were also obtained in the pulmonary artery via
catheterization. In the numerical model this measured pressure was specified as the static
pressure(s) at the outlet(s) of the vessel(s). Figure 3.2 shows an angiogram of a 4 French
catheter being used to take measurements and inject pigment in the pulmonary artery of a
patient.
In instances where symmetry was appropriate, a symmetry boundary condition was
specified on the symmetry face. Where a symmetry boundary condition is specified, zero
normal velocities and zero normal gradients of all variables are imposed. The use of
symmetry allows the size of the domain to be reduced, therefore minimizing solution time.
In this research symmetry was only utilized in the case of the parabolic pathways.
3.3.3 Solution Procedure
Fluent offers both a pressure-based and density-based solver to choose from, which
differ from each other primarily in the way that the discretized equations are linearized.
The pressure- and density- based solvers were developed around low-speed, incompressible
and high-speed, compressible flows, respectively; however, both have since been extended
and reformulated to apply to a wide range of flow conditions [1].
The pressure-based solver was utilized in this research, since the flow conditions are
low-speed and incompressible, which corresponds more directly to the original assumptions
made in developing the pressure-based solver. In using the pressure-based solver, a
separate pressure equation is derived, which imposes both the continuity and momentum
conservation constraints. During each iteration of the solution, the pressure equation is
used to correct the computed velocity field such that the continuity and momentum
conservation equations are satisfied.
The pressure-based solver offers two methods for treating the pressure-velocity
coupling: segregated or coupled. In the segregated scheme, each degree of freedom is solved
sequentially (in a decoupled manner) from the others, which significantly reduces memory
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requirements but results in much slower solution convergence. In the coupled scheme the
governing equations are solved simultaneously at each iteration. Doing so increases
memory requirements but offers significantly improved solution convergence. The coupled
scheme, along with second-order upwinding was chosen for the simulations performed in
this research.
To aid in convergence of steady-state calculations, Fluent offers a pseudo-transient
method, which is effectively an implicit under-relaxation method. Implicit under-relaxation
methods allow for more gradual changes in the dependent variables as the solution
converges. While this method can increase the number of iterations required to reach a
converged solution, it is a valuable tool for achieving a stable solution, which is important
in order to provide consistent results across multiple simulations. In this research, this
pseudo-transient method was implemented in cases where solution convergence was found
to fluctuate significantly and showed no improvement with additional iterations. These
convergence fluctuations were only noticed in the cases with more complex flow paths
which included bifurcations.
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Figure 3.1: Lateral view of an angiogram showing a pigtial catheter being used to take measurements and
inject pigment into the aorta of a patient.
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Figure 3.2: Lateral view of an angiogram showing a 4 French catheter being used to take measurements and
inject pigment into the pulmonary artery of a patient.
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Chapter 4
Numerical Results
4.1 Curvature Study
4.1.1 Geometric Model
Geometric models for this study were created using the software package Autodesk
Inventor [2]. Tubular pathways of varying curvature were constructed with diameter and
length representative of a central aorta to pulmonary shunt. The centerline length of the
vessel was fixed at 40 mm, and diameters of 3.5 and 4.0 mm were considered. Curvatures
between 0 mm−1 to 10 mm−1 were considered. These vessels were constructed to consist of
a single bending plane, where the bending plane formed a plane of geometric symmetry.
The “inner” and “outer” regions of the vessels were referred to as the more-sharply curved
and more-gradually curved intersections of the vessel with the bending plane, respectively
(See Figure 4.1).
To specify the curvature of the pathway, the inner edge of the vessel was defined to
be a parabolic curve of varying focal length, f , such that the inlet and outlet regions were
predominantly straight, and curvature was continuous along the pathway. Note that these
vessels are herein often referred to by curvature, where it is implied that this is the
curvature at the vertex of the parabola, i.e. the point of maximum curvature. By
specifying the geometry of the inner edge of the vessel, any finite curvature is acceptable
without self-intersection of the vessel walls. Specifying the geometry in this manner results
in parametric equations (Equation 4.1) for the coordinates, x¯ and y¯, of the vessel
centerline. The derivation of Equation 4.1 is given in Appendix B.
x¯(t) = t+
R
t
2f√√√√1 +( t
2f
)2
y¯(t) =
t2
4f
− R√√√√1 +( t
2f
)2
(4.1)
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Figure 4.1: Geometry and nomenclature utilized for the curvature study. The vessel shown has a diameter
of 3.5 mm and a curvature of 2 mm−1
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Due the parametric nature of the vessel centerline equation, a numerical procedure was
utilized to compute the relevant domain for t such that the vessel centerline length was
40 mm for all focal lengths (curvatures) considered.
Symmetry was utilized to reduce the size of the domain, due to the apparent
symmetry in both the geometry and boundary conditions. The geometry was cut along the
symmetry plane, such that only half of the vessel remained (Figure 4.2).
4.1.2 Mesh Setup
The ANSYS Meshing software was utilized to mesh the geometries. The ANSYS
Meshing software has a variety of user configurable settings to control the mesh. The
general approach to meshing the parabolic vessels was to utilize tetrahedral cells for the
overall domain, with a layer of prismatic cells at the vessel walls in order to more
accurately predict the high velocity gradients caused by the boundary layer in this region.
Given the number of analyses that would be required to perform a parametric study
for vessel curvature, vessel diameter, and blood viscosity, it was desired to determine
appropriate mesh settings that could be used for all cases, while producing accurate
results. ANSYS Meshing’s advanced sizing feature proved useful for this purpose, since it
refines the mesh in areas of high curvature, where the cells could otherwise become
distorted. More specifically, this feature reduces the cell size if the angle between adjacent
cells exceeds a specified angle. This ensured that the prismatic layer of cells at the walls
were sufficiently smooth near the vertex of the vessel, where curvatures would be highest.
To create the layer of prismatic cells at the vessel walls, the inflation layer feature
was utilized. This inflation layer was specified by its total thickness and the number of
prismatic cells in the thickness of the layer, with each cell increasing in thickness by a
factor of 1.15 in the normal direction from the vessel wall.
4.1.3 Mesh Validation
To determine appropriate mesh settings across all considered curvatures for the
parametric study, the 3.5 mm diameter vessel with the largest curvature (κ = 10 mm−1)
was chosen (Figure 4.2). The approach to the mesh validation was as follows:
1. Consider a range of reasonable values for the following critical meshing parameters:
 Number of inflation layers
 Inflation thickness
 Maximum mesh size
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Figure 4.2: Geometry used for mesh validation (diameter = 3.5 mm, κ=10 mm−1)
33
2. Perform simulations (cases) using the geometry that would require the most refined
mesh for each of the mesh parameter combinations considered.
3. Ensure that results for the critical parameters listed below showed convergence across
the meshing cases considered. If convergence was not apparent, additional cases with
more refined mesh settings would be evaluated.
 Static pressure at the inlet
 Total pressure at the outlet
 Kinetic energy at the inlet
 Kinetic energy at the outlet
 Maximum wall shear stress
In total, 20 different cases were considered, and once mesh convergence was ensured, the
case that produced converged results with the fewest cells was chosen. For the critical
parameters considered (listed above), the maximum percent difference between the chosen
mesh settings and the most refined mesh settings was 2.01 % and corresponded to the
maximum wall shear stress. The results from this mesh validation study are given in
Appendix C.1.
Figure 4.3 shows the mesh used for the 4 mm diameter shunt with curvature
κ = 10 mm−1 .
4.1.4 Boundary Conditions / Fluid Properties
Boundary conditions were specified as described in section 3.3.2, with an inlet total
pressure of 7311 Pa and an outlet pressure of 1994 Pa. Symmetry was specified at the
symmetry face. A density of 1060 kg m−3 was used, and viscosity was chosen as a
parameterizing variable.
4.1.5 Results
The viscosity of blood is largely dependent on the concentration of red blood cells,
also called percent hematocrit. A hematocrit value of 40 % is typical for normal, healthy
patients, which equates to approximately 0.005 Pa s. Poiseuille flow calculations for
conditions similar to the proposed predict shear rates in the range of 20,000 s−1 to
30,000 s−1, well above the shear rate of 100 s−1 below which blood is know to exhibit
non-Newtonian behavior. As a result the fluid was assumed to be of Newtonian nature for
this study.
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Figure 4.3: Curvature study mesh sample for 4 mm diameter vessel and severe curvature (κ = 10.0 mm−1).
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In addition to vessel curvature and diameter, fluid viscosity was varied in this
parametric study in order to evaluate the sensitivity that viscosity has on flow-energy
losses and wall shear stresses. The range of considered values for each parameter were:
 Vessel Diameter: 3.5 mm and 4 mm
 Max Curvature: 0 mm−1 to 10 mm−1
 Fluid Viscosity: 0.003, 0.005 and 0.008 Pa s
The Design of Experiments feature within ANSYS Workbench was utilized to automate
the process of generating and meshing the geometry for each case and running the CFD
analysis. After analyzing each case, results for the significant parameters were written to a
spreadsheet for post-processing. Table D.1 gives the raw results of the 72 cases that were
analyzed.
Wall Shear Stresses
Wall shear stress contour plots for mild (κ = 0.1 mm−1), medium (κ = 2.0 mm−1),
and severe (κ = 10.0 mm−1) curvature are shown in Figure 4.4. In the case of mild
curvature, the maximum wall shear stress was 87 Pa, with far-field stresses approximately
45 Pa. For moderate curvature the maximum wall shear stress increased substantially to
320 Pa, with far-field stresses approximately 38 Pa. For the most severe curvature
considered, the maximum wall shear stress was 393 Pa, with far-field stresses approximately
34 Pa. From these results it is clear that pathway curvature can have significant effects on
the wall shear stress distribution.
The reduction in far-field wall shear stresses with increasing curvature is attributed
to the reduced flow rate that results from the increased flow restriction imposed by the
vessel curvature. If different boundary conditions were specified such that flow rate
remained constant, far-field wall shear stresses would be less varying.
Results from the parametric study showed a clear increase in maximum wall shear
stress with increasing curvature, while approaching an asymptotic maximum at high
curvatures. This asymptotic value would correspond to an infinite curvature, or a focal
length of zero, such that the flow makes a complete 180 deg change in direction from the
vessel inlet to the outlet. In general the maximum wall shear stress increased with
increasing viscosity and increasing vessel diameter, as expected.
The point of maximum wall shear stress occurs at a point on the vessel that is
slightly downstream from the point of maximum curvature, where inertial effects result in
symmetric vortices, commonly referred to as Dean-vortices [5, 6] (Figure 4.6). These
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Figure 4.4: Wall shear stress contour plots for 4 mm diameter vessels of mild (κ = 0.1 mm−1, Re = 1733),
moderate (κ = 2.0 mm−1, Re = 1532), and severe (κ = 10.0 mm−1, Re = 1399) curvature. µ = 0.005 Pa s
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Figure 4.5: Maximum wall shear stress results for parametric study of tubular parabolic flow pathways.
vortices result in large velocity gradients and are responsible for the localized increased
wall shear stress in this region.
While this study assumed the flow to be laminar, Reynolds numbers for the
majority of cases with a viscosity of 0.003 Pa s were found to be in the transitional flow
regime. Specifically, for the 4.0 mm vessel diameter, all cases with a viscosity of 0.003 Pa s
were in the transitional regime, and for the 3.5 mm vessel diameter, cases with a viscosity
of 0.003 Pa s and curvature less than or equal to 2.0 mm−1 were in the transitional regime.
For moderate to severe curvatures, a region with apparent recirculation and
stagnation develops just downstream of the vessel vertex. This is clearly demonstrated in
Figure 4.7, where momentum carries the fluid away from the vessel inner wall as the vessel
wall curves sharply away. This separation creates a region of low pressure (Figure 4.8)
downstream of the vertex of the vessel, where fluid is drawn back in and recirculation
occurs. Despite the low pressure in this region, fluid velocities are relatively low, which
results in increased residence time.
In vivo conditions such as these can be highly conducive to thrombosis, since high
wall shear stresses can trigger platelet activation, and flow conditions then allow these
activated platelets to collect in the nearby region of recirculation.
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Figure 4.6: Dean vortices shown at a cross-section through the vertex of the parabolic pathway for κ =
2.0 mm−1, Re = 1532. (Note: Domain was mirrored during post-processing. The actual computational
domain is half of the indicated.)
39
Figure 4.7: Velocity vectors along the symmetry plane of a 4.0 mm diameter vessel with curvature κ =
2.0 mm−1, Re = 1532.
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Figure 4.8: Contour plot of pressure along the symmetry plane of a 4.0 mm diameter vessel with curvature
κ = 2.0 mm−1, Re = 1532.
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Flow Energy Losses
Flow-energy losses were computed using Equations A.5 and A.6. Energy losses are
plotted in Figure 4.9. Flow energy loss was defined as fluid power loss per unit incoming
volumetric flow rate. Flow-energy losses increased with increasing vessel curvature, while
also approaching an asymptotic maximum at high curvatures. This asymptotic value would
correspond to an infinite curvature, or a focal length of zero, such that the flow makes a
complete 180 deg change in direction from the vessel inlet to the outlet. Flow-energy losses
increased with increasing viscosity but decreased with increasing vessel diameter.
Figure 4.9: Flow-energy loss results for parametric study of tubular parabolic flow pathways.
4.2 Central Aortic to Pulmonary Shunt - Geometry 1
The first geometry considered was obtained from biplane angiograms of a patient
with a central aorta to pulmonary artery shunt and is shown in Figure 4.10. As shown in
Figure 4.10, this 4.0 mm shunt contained moderate curvature as compared to the mild
curvature that will be shown in geometry 2. The RPA diameter was 6.0 mm, nominally,
while the LPA was slightly smaller at 4.5 mm, nominally.
Transient aortic and pulmonary pressure traces were measured in vivo via
catheterization and averaged 8800 Pa (66 mmHg) and 1600 Pa (12 mmHg) over a cardiac
cycle, respectively. The pulmonary artery pressure was measured inside of the main PA,
upstream of the bifurcation. This study assumes that the pressure measured in the main
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PA is representative of the pressure at the outlet of the RPA; however, pressure in the LPA
was assumed to be half, or 800 Pa (6 mmHg), due to the stenotic nature of the LPA to
main PA connection found in vivo. No attempt was made to include this stenosis in the
modeled geometry.
(a) Lateral view (b) AP view
Figure 4.10: Overlay of model geometry 1 on biplane angiograms showing the shunt (blue), RPA
(red), and LPA (yellow).
4.2.1 Mesh Validation
A mesh validation study was performed for geometry 2 before analyzing the
geometry 1 cases presented herein. Given the similarity of model geometry and boundary
conditions between geometry 1 and geometry 2, a mesh independence study was not
performed for geometry 1. Instead, the mesh settings utilized for the geometry 2
calculations were utilized for all geometry 1 simulations. The mesh validation study is
presented in Section 4.3.1.
Figure 4.11 shows the mesh used for geometry 1 simulations .
4.2.2 Steady, Newtonian Results
Total pressure at the inlet to the shunt was specified as 8800 Pa (66 mmHg). The
static pressure at the outlet of the LPA and RPA was specified as 800 Pa (6 mmHg) and
1600 Pa (12 mmHg), respectively.
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Figure 4.11: Mesh used for geometry 1 simulations.
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For a Newtonian viscosity of 0.005 Pa s, total volumetric flow rate through the shunt
was 1.678 L/min, with 72 % (1.208 L/min) of this flow entering the RPA and 28 %
(0.470 L/min) entering the LPA.
Figure 4.12: Contour plot of wall shear stress for geometry 1 under steady flow conditions with Newtonian
viscosity model (µ = 0.005 Pa s, Re = 1887).
Wall shear stress results for this case are given in Figure 4.12 along with
illustrations of the cross-sectional flow field velocity vectors in the region of most severe
curvature in the shunt.
Wall shear stresses in the shunt were nominally 60 Pa to 100 Pa, with localized
increases in the region of highest curvature. In this region, wall shear stresses increased to
211 Pa. This moderate curvature of this shunt resulted in an elevation in wall shear stress
of approximately 164 % from nominal values. For a viscosity of 0.005 Pa s, a wall shear
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stress of 211 Pa yields a shear rate of 42,200 s−1, well above the established shear rate of
10,500 s−1 that has been shown to initiate platelet activation.
Figure 4.13: Contour plot of wall shear stress for geometry 1 under steady flow conditions with Newtonian
viscosity model (µ = 0.005 Pa s, Re = 1887).
In the main PA, the flow is forced to branch into either the RPA or LPA, and as a
result, a very localized region of high wall shear stresses develops at the bifurcation (Figure
4.13). The flow path is clearly illustrated in Figure 4.14, which depicts the streamlines
throughout the domain as well as the velocity field in the main PA. Downstream of the
main PA, wall shear stresses in the right and left pulmonary arteries were nominally 10 Pa
to 50 Pa, with no regions of significant wall shear stress increases, since curvature in these
vessels was negligible.
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Figure 4.14: Streamlines for entire domain and velocity field in main PA for geometry 1 under steady flow
conditions with Newtonian viscosity model (µ = 0.005 Pa s, Re = 1887).
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Static pressure, total pressure, and kinetic energy for the shunt inlet as well as the
LPA and RPA outlets are given in Table 4.1.
Table 4.1: Pressure and kinetic energy results for geometry 1 under steady flow
conditions with Newtonian viscosity model (µ = 0.005 Pa s).
Shunt LPA RPA
Static Pressure (Pa) 6071 800 1600
Total Pressure (Pa) 8800 1138 2234
Kinetic Energy (Pa) 2729 336 614
Flow-energy losses were computed using these values along with Equations A.5 and
A.6. The calculated flow-energy loss was 6878 W/ (m3/s) or 78 % of the total mechanical
energy at the inlet of the shunt. Clearly, flow conditions through this pathway have a
significant impact on the incoming flow energy, and it is easy to understand why giving
consideration to optimizing flow path geometry during the installation of central shunts
can lead to much improved blood flow efficiency, crucial for patients with single ventricle
heart disease.
This simulation was repeated for Newtonian viscosities of 0.003 and 0.008 Pa s.
These results are given in Table 4.2. Results showed a consistent increase in wall shear
stresses and flow-energy losses with increasing viscosity, while flow rates decreased. The
µ = 0.003 Pa s case resulted in an inlet Reynolds number of 3454, which implies a
transitional flow regime. Both other viscosities considered resulted in inlet Reynolds
numbers in the laminar range.
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Table 4.2: Geometry 1 results for Newtonian viscosities of 0.003, 0.005 and
0.008 Pa s under steady flow conditions.
Viscosity (Pa s) 0.003 0.005 0.008
Reynolds # in Shunt 3454 1887 1049
Max Shunt Wall Shear Stress (Pa) 204 211 218
Max PA Wall Shear Stress (Pa) 295 312 333
Total Energy Loss (Pa) 6561 6873 7013
% Incoming Energy Lost 75% 78% 80%
Total Pressure Outlet LPA (Pa) 1277 1138 1064
Total Pressure Outlet RPA (Pa) 2651 2234 2055
Static Pressure Inlet (Pa) 5535 6071 6617
Flow Rate Shunt (L/min) 1.843 1.678 1.492
Flow Rate LPA (L/min) 0.553 0.470 0.403
Flow Rate RPA (L/min) 1.290 1.208 1.089
% Mass Flow to LPA 30% 28% 27%
% Mass Flow to RPA 70% 72% 73%
Kinetic Energy Inlet (Pa) 3265 2729 2183
Kinetic Energy Outlet LPA (Pa) 474 336 262
Kinetic Energy Outlet RPA (Pa) 1013 614 443
4.2.3 Steady, Non-Newtonian Results
In this section the simulation performed in the previous section is repeated using
two non-Newtonian models, the Carreau and the Truncated Power Law models. Results
are compared in order to evaluate the significance of non-Newtonian influences for the
considered flow pathway and conditions.
The considered non-Newtonian viscosity models are plotted in Figure 4.15 along
with the three Newtonian viscosities considered. Fitting parameters for each model are
given later in this section. In general, fitting parameters for the considered non-Newtonian
models considered were obtained from other publications and modified such that infinite
shear viscosities all equaled 0.005 Pa s.
In theory, it would be possible to compare the results from the various viscosity
models and attribute the differences solely to the viscosity model used. However, in this
case, where inherent unsteadiness is known to manifest itself, caution must be used in
attributing these differences to particular sources. A more robust approach is to perform a
transient simulation, which is presented in later sections for geometry 2.
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Figure 4.15: Plot of apparent viscosity vs. shear rate for the considered Newtonian and non-Newtonian
viscosity models.
Carreau Model
The Carreau viscosity model (presented in Section 3.2.5) was utilized, with curve
fitting coefficients taken from Tazyukov et al. [24] and modified for an infinite shear
viscosity, µinf , of 0.005 Pa s. The model was implemented as follows:
µ = µ∞ +
µ0 − µ∞
[1 + (λγ˙)a]
1−n
a
µinf = 0.005 Pa s, µ0 = 0.056 Pa s,
λ = 3.31 s, a = 2,
n = 0.357
Using the Carreau viscosity model, wall shear stresses (Figure 4.16) resulted in
negligible differences in comparison to the Newtonian results, particularly in the shunt.
Maximum wall shear stress in the shunt was 211 Pa as compared to 211 Pa for the
Newtonian case. The wall shear stress distribution shows no noticeable differences between
the Newtonian and Carreau results.
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Total energy loss was 6868 W/ (m3/s), or 78 % of the total incoming mechanical
energy, which was also 78 % for the Newtonian case. The volumetric flow rate through the
shunt was 1.675 L/min, with 72 % (1.208 L/min) going to the RPA and 28 %
(0.467 L/min) to the LPA.
Figure 4.16: Contour plot of wall shear stress for geometry 1 under steady flow conditions with Carreau
viscosity model (Re = 1883).
Truncated Power Law
The Truncated Power Law viscosity model (presented in Section 3.2.2) was utilized,
with curve fitting coefficients taken from Karimi et al. [13] and modified for an infinite
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shear viscosity, µinf , of 0.005 Pa s. The model was implemented as follows:
µ = max
[
µ∞;min
(
Cγ˙n−1;µ0
)]
C = 0.027 Pa sn, n = 0.53,
µinf = 0.005 Pa s, µ0 = 0.056 Pa s
Using the Truncated Power Law viscosity model, wall shear stresses (Figure 4.17)
also resulted in negligible differences in comparison to the Newtonian results. Wall shear
stress distribution in the shunt was not noticeably different from the Newtonian case.
Maximum wall shear stress in the shunt was 212 Pa as compared to 211 Pa for the
Newtonian case. The wall shear stress distribution shows no noticeable differences between
the Newtonian and Truncated Power Law results.
Total energy loss was 6877 W/ (m3/s), or 78 % of the total incoming mechanical
energy, which was also 78 % for the Newtonian case. The volumetric flow rate through the
shunt was 1.680 L/min, with 73 % (1.227 L/min) going to the RPA and 27 %
(0.453 L/min) to the LPA.
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Figure 4.17: Contour plot of wall shear stress for geometry 1 under steady flow conditions with Truncated
Power Law viscosity model (Re = 1890).
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Comparisons
A comparison of the steady results from each of the considered viscosity models is
given in Table 4.3 and Figure 4.18.
(a) Newtonian (0.005 Pa s), Re = 1887
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(b) Carreau, Re = 1883
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(c) Truncated Power Law, Re = 1890
Figure 4.18: Comparison of wall shear stresses for the considered viscosity models for geometry 1
under steady conditions.
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Table 4.3: Geometry 1 results for the considered viscosity models under steady flow conditions.
Viscosity Model
Newtonian
(0.005 Pa s)
Carreau
Truncated
Power Law
Reynolds # in Shunt 1887 1883 1890
Max Shunt Wall Shear Stress (Pa) 211 211 212
Max PA Wall Shear Stress (Pa) 312 314 312
Total Energy Loss (Pa) 6873 6870 6877
% Incoming Energy Lost 78% 78% 78%
Total Pressure Outlet LPA (Pa) 1138 1120 1119
Total Pressure Outlet RPA (Pa) 2234 2245 2221
Static Pressure Inlet (Pa) 6071 6081 6063
Flow Rate Shunt (L/min) 1.678 1.675 1.680
Flow Rate LPA (L/min) 0.470 0.469 0.454
Flow Rate RPA (L/min) 1.208 1.206 1.227
% Mass Flow to LPA 28% 28% 27%
% Mass Flow to RPA 72% 72% 73%
Kinetic Energy Inlet (Pa) 2729 2719 2737
Kinetic Energy Outlet LPA (Pa) 336 319 316
Kinetic Energy Outlet RPA (Pa) 614 622 601
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4.3 Central Aortic to Pulmonary Shunt - Geometry 2
The second geometry considered was modeled based on biplane angiograms from a
different patient having a central aorta to pulmonary artery shunt. As shown in Figure
4.19, this 3.5 mm shunt contained mild curvature as compared to the moderate curvature
seen in geometry 1. The RPA diameter was 6.5 mm, nominally, while the LPA was slightly
smaller at 4.5 mm, nominally.
Transient aortic and pulmonary pressure traces were measured in vivo via
catheterization and averaged 8054 Pa and 2079 Pa over a cardiac cycle, respectively. The
pulmonary artery pressure was measured inside of the main PA, upstream of the
bifurcation; however, this study assumed that this pressure is generally representative of
the pressures that would exist at the boundaries of the RPA and LPA.
(a) Lateral view (b) AP view
Figure 4.19: Overlay of model geometry 2 on biplane angiograms showing the shunt (blue), RPA
(red), and LPA (yellow).
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Figure 4.20: Aortic and pulmonary artery pressure traces for geometry 2.
4.3.1 Mesh Validation
A mesh validation study was performed to verify that a sufficient mesh density was
utilized in order to properly resolve the underlying flow field characteristics and ensure
converged results. It was desired to determine a mesh that sufficiently resolved the flow
characteristics considered important in this study (wall shear stress and flow-energy losses)
with the minimum number of cells, since very large cell counts would be too time
consuming to handle for future transient simulations. The following Ansys Meshing
parameters were varied to assess mesh convergence:
 Mesh Max Size: 0.75, 0.5 and 0.333 mm
 Inflation Number of Layers: 25 and 40
 Inflation Maximum Thickness: 0.75 and 1.0 mm
Each mesh was run with the time-averaged aortic pressure of 8054 Pa (60 mmHg) specified
at the shunt inlet and the time-averaged PA pressure of 2079 Pa (16 mmHg) specified at
both the LPA and RPA outlets. A density of 1060 kg m−3 was used with a Newtonian
viscosity of 0.005 Pa s, corresponding to a hematocrit of approximately 40 %. The steady
simulation was was run for 500 iterations, while the following parameters were monitored:
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 Mass-weighted average kinetic energy at the shunt inlet and at each of the RPA and
LPA outlets.
 Maximum wall shear stress in the shunt, RPA, and LPA.
In reviewing the simulation history of each critical parameter over the 500 iterations, it was
determined that the considered geometry and boundary conditions result in an inherent
unsteadiness, despite utilizing a steady state numerical procedure. Figure 4.21 shows the
history of numerous parameters over the 500 iterations. Note that the solution does not
appear to be converging further, since the oscillation amplitudes do not appear to be dying
out. This inherent unsteadiness is also experienced for steady flow over a smooth cylinder,
which at certain Reynolds numbers experiences vortex shedding. In such cases, even given
steady boundary conditions, oscillations can appear over iterations (as opposed to time
steps) during a steady simulation. This unsteadiness can have an effect on the steady
solution if oscillation amplitudes are large, since the final solution will be dependent on
where in the oscillations the simulation is stopped.
In total 12 cases were considered, and once mesh convergence was ensured, the case
that produced converged results with the fewest cells was chosen. For the critical
parameters considered (listed above), the maximum percent difference between the chosen
mesh settings and the most refined mesh settings was 1.73 % and corresponded to the
kinetic energy at the outlet of the LPA. The results from this mesh validation study are
given in Appendix C.2. Note that with the exception of Case 1, the results for the
remaining cases showed reasonable convergence, with maximum percent differences of less
than 5 % from the benchmark case, despite fluctuations in the steady solution as previously
discussed.
Figure 4.22 shows the mesh used for geometry 2 simulations .
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Figure 4.21: Parameter histories over the steady simulation iterations for geometry 2.
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Figure 4.22: Mesh used for geometry 2 simulations.
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4.3.2 Steady, Newtonian Results
The results for the steady case using a Newtonian viscosity of 0.005 Pa s−1 were
taken from the chosen mesh from the mesh validation study described in Section 4.3.1.
Total pressure at the inlet to the shunt was specified as 8054 Pa (60 mmHg). The static
pressure at the outlet of both the LPA and RPA was specified as 2079 Pa (16 mmHg).
Total volumetric flow rate through the shunt was 1.021 L/min, with 66 %
(0.645 L/min) of this flow entering the RPA and 34 % (0.347 L/min) entering the LPA.
Figure 4.23: Contour plot of wall shear stress for geometry 2 under steady flow conditions with Newtonian
viscosity model (µ = 0.005 Pa s, Re = 1313).
Wall shear stress results for this case are given in Figure 4.23 along with illustrations
of the cross-sectional flow field velocity vectors in the shunt, RPA, and LPA. The localized
increase in wall shear stress at the shunt inlet is caused by the imposed boundary condition
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there. The total pressure is made up of a static pressure component and a velocity head
component. In Fluent the total pressure boundary condition assumes a uniform velocity
profile at the specified boundary and iterates to determine the static pressure as well as the
magnitude of this uniform velocity field such that all other boundary conditions are
sufficiently satisfied. With thermal effects being disregarded, specifying the total pressure
at the inlet essentially specifies the total mechanical energy entering the system, thereby
ensuring a well-formed solution. Due to this uniform velocity field assumption at the inlet,
fluid velocities immediately adjacent to the wall are high, thereby leading to highly
exaggerated wall shear stresses. The region most affected by the inlet boundary condition
is reasonably small, with wall shear stresses dissipating to far-field levels within
approximately one vessel diameter. Note that the boundaries with static pressure specified
do not experience these localized effects, since the static pressure boundary condition places
no restrictions on the velocity profile, and the no-slip condition is able to be maintained.
Wall shear stresses in the shunt were nominally 50 Pa, with localized increases in the
region of highest curvature. In this region, wall shear stresses increased to 80 Pa. As
previously noted, this shunt consists of fairly mild curvature in comparison to others;
nevertheless, wall shear stresses are still elevated approximately 60 % from nominal values
due to the curvature of the shunt. For a viscosity of 0.005 Pa s, a wall shear stress of 80 Pa
yields a shear rate of 16,000 s−1, well above the established shear rate of 10,500 s−1 that has
been shown to initiate platelet activation.
In the main PA, the flow is forced to branch into either the RPA or LPA, and as a
result, a very localized region of high wall shear stresses develops at the bifurcation. The
flow path is clearly illustrated in Figure 4.24, which depicts the streamlines throughout the
domain as well as the velocity field in the main PA. Prominent curvature in the RPA
resulted in elevated wall shear stresses on the order of 120 Pa as compared to the more
straight LPA, where maximum wall shear stress was approximately 45 Pa.
Static pressure, total pressure, and kinetic energy for the shunt inlet as well as the
LPA and RPA outlets are given in Table 4.4.
Table 4.4: Pressure and kinetic energy results for geometry 2 under steady flow
conditions with Newtonian viscosity model.
Shunt LPA RPA
Static Pressure (Pa) 6302 2079 2079
Total Pressure (Pa) 8054 2367 2523
Kinetic Energy (Pa) 1751 282 438
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Figure 4.24: Streamlines for entire domain and velocity field in main PA for geometry 2 under steady flow
conditions with Newtonian viscosity model (µ = 0.005 Pa s, Re = 1313).
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Flow-energy losses were computed using these values along with Equations A.5 and
A.6. The calculated flow-energy loss was 5583 W/ (m3/s) or 69 % of the total mechanical
energy at the inlet of the shunt. Clearly, flow conditions through this pathway have a
significant impact on the incoming flow energy, and it is easy to understand why giving
consideration to optimizing flow path geometry during the installation of central shunts
can lead to much improved blood flow efficiency, crucial for patients with single ventricle
heart disease.
This simulation was repeated for Newtonian viscosities of 0.003 and 0.008 Pa s.
These results are given in Table 4.5. Results showed a consistent increase in wall shear
stresses and flow-energy losses with increasing viscosity, while flow rates decreased.
Table 4.5: Geometry 2 results for Newtonian viscosities of 0.003, 0.005 and
0.008 Pa s under steady flow conditions.
Viscosity (Pa s) 0.003 0.005 0.008
Reynolds # in Shunt (Pa) 2434 1313 716
Max Shunt Wall Shear Stress (Pa) 66 80 86
Max PA Wall Shear Stress (Pa) 560 591 621
Total Energy Loss (Pa) 5283 5581 5727
% Incoming Energy Lost 66% 69% 71%
Total Pressure Outlet LPA (Pa) 2666 2367 2235
Total Pressure Outlet RPA (Pa) 2831 2523 2382
Static Pressure Inlet (Pa) 5904 6302 6703
Flow Rate Shunt (L/min) 1.136 1.021 0.891
Flow Rate LPA (L/min) 0.433 0.348 0.332
Flow Rate RPA (L/min) 0.704 0.675 0.559
% Mass Flow to LPA 38% 34% 37%
% Mass Flow to RPA 62% 66% 63%
Kinetic Energy Inlet (Pa) 2148 1751 1351
Kinetic Energy Outlet LPA (Pa) 575 283 155
Kinetic Energy Outlet RPA (Pa) 743 438 300
4.3.3 Steady, Non-Newtonian Results
In this section the simulation performed in the previous section is repeated using
two non-Newtonian models, the Carreau and the Truncated Power Law models. Results
are compared in order to evaluate the significance of non-Newtonian influences for the
considered flow pathway and conditions.
The viscosity models considered are identical to those presented for geometry 1 in
Section 4.2.3. The considered non-Newtonian viscosity models are plotted in Figure 4.15
along with the three Newtonian viscosities considered.
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Carreau Model
Using the Carreau viscosity model, wall shear stresses (Figure 4.25) resulted in
negligible differences in comparison to the Newtonian results, particularly in the shunt.
Maximum wall shear stress in the shunt was 78 Pa as compared to 80 Pa for the Newtonian
case. Slight differences in wall shear stress distribution are apparent in the RPA; however,
this may in fact be due to the inherent unsteadiness in the flow field. Wall shear stresses in
the region of maximum curvature for the RPA were 125 Pa as compared to 120 Pa for the
Newtonian case.
Total energy loss was 5622 W/ (m3/s), or 70 % of the total incoming mechanical
energy, which was 69 % for the Newtonian case. The volumetric flow rate through the
shunt was 1.019 L/min, with 66 % (0.670 L/min) going to the RPA and 34 %
(0.349 L/min) to the LPA.
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Figure 4.25: Contour plot of wall shear stress for geometry 2 under steady flow conditions with Carreau
viscosity model (Re = 1309).
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Truncated Power Law
Using the Truncated Power Law viscosity model, wall shear stresses (Figure 4.26)
also resulted in negligible differences in comparison to the Newtonian results. Wall shear
stress distribution in the shunt was not noticeably different from the Newtonian case.
Maximum wall shear stress in the shunt was 78 Pa as compared to 80 Pa for the Newtonian
case. Slight differences in wall shear stress distribution are apparent in the RPA; however,
this may in fact be due to the inherent unsteadiness in the flow field. Wall shear stresses in
the region of maximum curvature for the RPA were 110 Pa as compared to 120 Pa for the
Newtonian case.
Total energy loss was 5542 W/ (m3/s), or 69 % of the total incoming mechanical
energy, which was also 69 % for the Newtonian case. The volumetric flow rate through the
shunt was 1.016 L/min, with 63 % (0.636 L/min) going to the RPA and 37 %
(0.380 L/min) to the LPA.
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Figure 4.26: Contour plot of wall shear stress for geometry 1 under steady flow conditions with Truncated
Power Law viscosity model (Re = 1306).
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Comparisons
A comparison of the steady results from each of the considered viscosity models is
given in Table 4.6 and Figure 4.27.
(a) Newtonian (0.005 Pa s), Re = 1313
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(b) Carreau, Re = 1309
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(c) Truncated Power Law, Re = 1306
Figure 4.27: Comparison of wall shear stresses for the considered viscosity models for geometry 2
under steady conditions.
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Table 4.6: Geometry 2 results for the considered viscosity models under steady flow conditions.
Viscosity Model
Newtonian
(0.005 Pa s)
Carreau
Truncated
Power Law
Reynolds # in Shunt 1313 1309 1306
Max Shunt Wall Shear Stress (Pa) 80 78 78
Max PA Wall Shear Stress (Pa) 591 619 619
Total Energy Loss (Pa) 5581 5622 5542
% Incoming Energy Lost 69% 70% 69%
Total Pressure Outlet LPA (Pa) 2367 2353 2396
Total Pressure Outlet RPA (Pa) 2523 2474 2581
Static Pressure Inlet (Pa) 6302 6311 6319
Flow Rate Shunt (L/min) 1.021 1.019 1.016
Flow Rate LPA (L/min) 0.348 0.349 0.380
Flow Rate RPA (L/min) 0.675 0.669 0.637
% Mass Flow to LPA 34% 34% 37%
% Mass Flow to RPA 66% 66% 63%
Kinetic Energy Inlet (Pa) 1751 1743 1734
Kinetic Energy Outlet LPA (Pa) 283 269 312
Kinetic Energy Outlet RPA (Pa) 438 391 496
4.3.4 Pulsatile, Newtonian Results
In this study the true time-dependent aortic and pulmonary artery pressure traces
measured for geometry 2 (Figure 4.20) were specified at the boundaries. Similar to in the
steady cases, the pressure tracing measure in the main PA was specified at each of the LPA
and RPA outlets. A Newtonian viscosity of 0.005 Pa s was specified.
Mesh validation was not performed under transient conditions. Instead, the same
mesh used for the steady simulations was utilized for the transient simulations. A time-step
validation study was performed in order to ensure that a sufficiently small time step was
used. The same critical parameters monitored in the mesh validation study were monitored
during the simulation for varying time steps. The simulation was first run for five cardiac
cycles using a time step of 8.333× 10−3 s. This time step was then reduced to 5× 10−3 s for
two cardiac cycles, and finally to 4.167× 10−3 s for one cycle. The maximum shunt wall
shear stress over each of these cardiac cycles is plotted in Figure 4.28, in which it is clear
that the solution is independent of a reduced time step. The simulation was then run for
another cycle at the original time step and once again checked for convergence before finally
running the last cycle in which results were written at every third time step (0.025 s).
In interpreting the transient results, the time average, time maximum, and time
minimum values are considered. These results were obtained by performing the appropriate
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Figure 4.28: Shunt maximum wall shear stress vs simulation time for geometry 2 under pulsatile flow
conditions with Newtonian viscosity model (µ = 0.005 Pa s).
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operation (average, maximum, minimum) of the considered parameter at each location in
the domain, over a cardiac cycle. These results no longer correspond to a real solution in
time, but they provide insight into the dynamics of the considered parameter over a cardiac
cycle.
The time-averaged wall shear stresses for geometry 2 using a Newtonian
(µ = 0.005 Pa s) viscosity model are shown in Figure 4.29. The maximum time-averaged
wall shear stress in the shunt was 76 Pa. In the RPA time-averaged wall shear stress
reached 109 Pa. These results are marginally different from the steady result of 80 and
120 Pa for the shunt and RPA, respectively.
Figure 4.29: Contour plot of time-averaged wall shear stress for geometry 2 under pulsatile flow conditions
with Newtonian viscosity model (µ = 0.005 Pa s, ReTimeAvg. = 1287).
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Time-maximum results for this case (Figure 4.30) show peak wall shear stresses over
a cardiac cycle of 123 and 221 Pa in the shunt and RPA, respectively. This corresponds to
a 62 % increase over the time-average WSS in the shunt and 103 % in the RPA. Maximum
wall shear stresses in the LPA over a cardiac cycle are only slightly higher than the
time-averaged values.
Figure 4.30: Contour plot of time-maximum wall shear stress for geometry 2 under pulsatile flow conditions
with Newtonian viscosity model (µ = 0.005 Pa s).
Wall shear stresses in these same indicated locations for the shunt and RPA fall to a
minimum of 46 and 59 Pa over a cardiac cycle, respectively (Figure 4.31). This corresponds
to a 40 % decrease from the time-average WSS in the shunt and 46 % in the RPA. In
general, wall shear stresses in the LPA fall to below 15 Pa at a point in the cardiac cycle.
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Figure 4.31: Contour plot of time-minimum wall shear stress for geometry 2 under pulsatile flow conditions
with Newtonian viscosity model (µ = 0.005 Pa s).
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As previously noted, the results presented thus far for this pulsatile case are not
representative of a particular point in time. Figure 4.32 gives the wall shear stress
distribution at points in time where the wall shear stress is a maximum (Figure 4.32a) and
where wall shear stress is a minimum (Figure 4.32b). For the geometry and flow conditions
being considered, the points in time corresponding to maximum and minimum wall shear
stress show excellent agreement with the time-maximum and time-minimum results for
wall shear stress over a cardiac cycle.
(a) Instantaneous WSS distribution at time of maximum WSS (Re = 1826).
Finally, the time-averaged wall shear stress results are compared to those for
obtained using a steady simulation (Figure 4.33). Note that the scale for the pulsatile
results has been adjusted to correspond to that of the steady results.
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(b) Instantaneous WSS distribution at time of minimum WSS (Re = 916).
Figure 4.32: Contour plot of wall shear stress for geometry 2 under pulsatile flow conditions with Newtonian
viscosity model (µ = 0.005 Pa s) at time of maximum wall shear stress (4.32a) and minimum wall shear stress
(4.32).
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Results showed excellent agreement between the steady simulation with
time-averaged boundary conditions and the pulsatile simulation with time-averaged wall
shear stresses. For the geometry and flow conditions considered, a steady simulation with
time-averaged boundary conditions would yield wall shear stress results representative of
their true time average. However, this is not necessarily true for all parameters, geometries,
and flow conditions.
Visually, the two simulations produced nearly identical results in the shunt and
LPA, with only small differences noticeable in wall shear stress distribution within the
RPA. Quantitatively, the maximum calculated wall shear stress in the shunt and RPA
differed by approximately 3 % and 5 %, respectively.
(a) Steady
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(b) Pulsatile
Figure 4.33: Comparison of geometry 2 wall shear stress results for steady simulation with time-averaged
boundary conditions (4.33a) and pulsatile simulation with time-averaged wall shear stress (4.33b) using a
Newtonian viscosity model (µ = 0.005 Pa s).
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Flow rates through the shunt, RPA and LPA over the cardiac cycle are given in
Figure 4.34. Average flow rate through the shunt was 1.002 L/min, with 63 %
(0.634 L/min) going to the RPA and 37 % (0.368 L/min) to the LPA. Flow split between
the RPA and LPA differed by 3 % from the steady results, with the steady results
predicting a slightly higher bias of flow to the RPA. Total flow rate differed by 1 %, with
the steady simulation predicting the higher value.
Figure 4.34: Volumetric flow rate through the shunt, RPA, and LPA for geometry 2 under pulsatile flow
conditions with Newtonian viscosity model (µ = 0.005 Pa s).
4.3.5 Pulsatile, Non-Newtonian Results
In this section the pulsatile simulation performed in the previous section is repeated
using the Carreau and Truncated Power Law models described in Section 4.3.3. Results are
compared to the pulsatile Newtonian results to assess whether non-Newtonian effects
manifest themselves under pulsatile conditions. Direct comparisons are not made to the
steady results, since the time-averaged results for the pulsatile, Newtonian simulation were
sufficiently similar to the steady results.
The same mesh used for the steady simulations was utilized for these pulsatile,
non-Newtonian simulations. While a full time-step validation study was not performed for
each viscosity model considered, results were checked to ensure that any transients had
dissipated from the final results. The same critical parameters monitored in the mesh
validation study were monitored during the simulation, and the simulation was run until
any transients had dissipated.
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Carreau Model
The simulation was run for five cardiac cycles using a time step of 8.333× 10−3 s,
which was shown to be a sufficient time step for the Newtonian simulation. The maximum
shunt wall shear stress over each of these cardiac cycles is plotted in Figure 4.35, in which
it is clear that the solution is not changing over each cycle. Given the time step validation
study results from the Newtonian simulation, a reduced time step was not analyzed.
Results were written at every third time step (0.025 s) of the last run cycle.
Figure 4.35: Shunt maximum wall shear stress vs simulation time for geometry 2 under pulsatile flow
conditions with the Carreau viscosity model.
The time-averaged wall shear stresses for geometry 2 using the Carreau viscosity
model are shown in Figure 4.36. The maximum time-averaged wall shear stress in the
shunt was 78 Pa. In the RPA time-averaged wall shear stress reached 114 Pa. These results
are marginally different from the pulsatile, Newtonian result of 76 and 109 Pa for the shunt
and RPA, respectively.
Time-maximum results for this case (Figure 4.37) show peak wall shear stresses over
a cardiac cycle of 124 and 209 Pa in the shunt and RPA, respectively. This corresponds to
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Figure 4.36: Contour plot of time-averaged wall shear stress for geometry 2 under pulsatile flow conditions
with the Carreau viscosity model (ReTimeAvg. = 1301).
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a 59 % increase over the time-average WSS in the shunt and 83 % in the RPA. Maximum
wall shear stresses in the LPA over a cardiac cycle are only slightly higher than the
time-averaged values. Time-maximum wall shear stress in the shunt and RPA differed from
the pulsatile, Newtonian results by 0.4 and 2.8 %, respectively.
Figure 4.37: Contour plot of time-maximum wall shear stress for geometry 2 under pulsatile flow conditions
with the Carreau viscosity model.
Wall shear stresses in these same indicated locations for the shunt and RPA fall to a
minimum of 48 and 61 Pa over a cardiac cycle, respectively (Figure 4.38). This corresponds
to a 39 % decrease from the time-average WSS in the shunt and 47 % in the RPA. In
general, wall shear stresses in the LPA fall to below 15 Pa at a point in the cardiac cycle.
Time-minimum wall shear stress in the shunt and RPA differed from the pulsatile,
Newtonian results by 2.1 and 1.7 %, respectively.
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Figure 4.38: Contour plot of time-minimum wall shear stress for geometry 2 under pulsatile flow conditions
with the Carreau viscosity model.
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Figure 4.39 gives the wall shear stress distribution at points in time where the wall
shear stress is a maximum (Figure 4.39a) and where wall shear stress is a minimum (Figure
4.39b). For the geometry and flow conditions being considered, the points in time
corresponding to to maximum and minimum wall shear stress show excellent agreement
with the time-maximum and time-minimum results for wall shear stress over a cardiac
cycle. At the time of maximum wall shear stress in the shunt and RPA, results differed
from the pulsatile, Newtonian results by 0.0 and 10.0 %, respectively. At the time of
minimum wall shear stress, these differences are 2.1 and 2.5 %.
(a) Instantaneous WSS distribution at time of maximum WSS (Re = 1826).
Flow rates through the shunt, RPA and LPA over the cardiac cycle are given in
Figure 4.40. Average flow rate through the shunt was 1.012 L/min, with 63 %
(0.641 L/min) going to the RPA and 37 % (0.371 L/min) to the LPA. Flow split between
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(b) Instantaneous WSS distribution at time of minimum WSS (Re = 923).
Figure 4.39: Contour plot of wall shear stress for geometry 2 under pulsatile flow conditions with the Carreau
viscosity model at the time of maximum wall shear stress (4.39a) and mimimum wall shear stress (4.39).
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the RPA and LPA was equivalent to the pulsatile, Newtonian results. Total flow rate
differed by 0.5 %, with the pulsatile, Newtonian simulation predicting the lower value.
Figure 4.40: Volumetric flow rate through the shunt, RPA, and LPA for geometry 2 under pulsatile flow
conditions with the Carreau viscosity model.
Truncated Power Law Model
The simulation was run for three cardiac cycles using a time step of 8.333× 10−3 s,
which was shown to be a sufficient time step for the Newtonian simulation. The maximum
shunt wall shear stress over each of these cardiac cycles is plotted in Figure 4.41, in which
it is clear that the solution is not changing over each cycle. Given the time step validation
study results from the Newtonian simulation, a reduced time step was not analyzed.
Results were written at every third time step (0.025 s) of the last run cycle.
The time-averaged wall shear stresses for geometry 2 using the Truncated Power
Law viscosity model are shown in Figure 4.42. The maximum time-averaged wall shear
stress in the shunt was 78 Pa. In the RPA time-averaged wall shear stress reached 121 Pa.
These results are marginally different from the pulsatile, Newtonian result of 76 and 109 Pa
for the shunt and RPA, respectively.
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Figure 4.41: Shunt maximum wall shear stress vs simulation time for geometry 2 under pulsatile flow
conditions with the Truncated Power Law viscosity model.
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Figure 4.42: Contour plot of time-averaged wall shear stress for geometry 2 under pulsatile flow conditions
with the Truncated Power Law viscosity model (ReTimeAvg. = 1303).
92
Time-maximum results for this case (Figure 4.43) show peak wall shear stresses over
a cardiac cycle of 124 and 210 Pa in the shunt and RPA, respectively. This corresponds to
a 59 % increase over the time-average WSS in the shunt and 74 % in the RPA. Maximum
wall shear stresses in the LPA over a cardiac cycle are only slightly higher than the
time-averaged values. Time-maximum wall shear stress in the shunt and RPA differed from
the pulsatile, Newtonian results by 0.4 and 2.6 %, respectively.
Figure 4.43: Contour plot of time-maximum wall shear stress for geometry 2 under pulsatile flow conditions
with the Truncated Power Law viscosity model.
Wall shear stresses in these same indicated locations for the shunt and RPA fall to a
minimum of 48 and 61 Pa over a cardiac cycle, respectively (Figure 4.44). This corresponds
to a 38 % decrease from the time-average WSS in the shunt and 50 % in the RPA. In
general, wall shear stresses in the LPA fall to below 15 Pa at a point in the cardiac cycle.
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Time-minimum wall shear stress in the shunt and RPA differed from the pulsatile,
Newtonian results by 2.1 and 1.7 %, respectively.
Figure 4.44: Contour plot of time-minimum wall shear stress for geometry 2 under pulsatile flow conditions
with the Truncated Power Law viscosity model.
Figure 4.45 gives the wall shear stress distribution at points in time where the wall
shear stress is a maximum (Figure 4.45a) and where the wall shear stress is a minimum
(Figure 4.45b). For the geometry and flow conditions being considered, the points in time
corresponding to maximum and minimum wall shear stress show excellent agreement with
the time-maximum and time-minimum results for wall shear stress over a cardiac cycle. At
the time of maximum wall shear stress in the shunt and RPA, results differed from the
pulsatile, Newtonian results by 0.0 and 7.5 %, respectively. At the time of minimum wall
shear stress, these differences are 2.1 and 1.7 %.
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(a) Instantaneous WSS distribution at time of maximum WSS (Re = 1830).
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(b) Instantaneous WSS distribution at time of minimum WSS (Re = 919).
Figure 4.45: Contour plot of wall shear stress for geometry 2 under pulsatile flow conditions with the
Truncated Power Law viscosity model at the time of maximum wall shear stress (4.45a) and minimum wall
shear stress (4.45).
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Flow rates through the shunt, RPA and LPA over the cardiac cycle are given in
Figure 4.46. Average flow rate through the shunt was 1.014 L/min, with 63 %
(0.643 L/min) going to the RPA and 37 % (0.371 L/min) to the LPA. Flow split between
the RPA and LPA was equivalent to the pulsatile, Newtonian results. Total flow rate
differed by 0.6 %, with the pulsatile, Newtonian simulation predicting the lower value.
Figure 4.46: Volumetric flow rate through the shunt, RPA, and LPA for geometry 2 under pulsatile
flow conditions with the Truncated Power Law viscosity model.
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Chapter 5
Conclusion and Recommendation
This objective of this research was to utilize CFD to provide insight into thrombus
initiating mechanisms and flow energy losses in central aorta to pulmonary artery shunts
commonly found in neonates with cyanotic congenital heart disease. The effect of flow
pathway curvature on wall shear stress distribution (known to be an initiating factor for
thrombus formation) and flow energy losses was of particular interest, since surgeons
oftentimes have flexibility in how these shunts are implemented in the patient. With a
better understanding of the influence that shunt pathway geometry has on flow conditions,
it is believed that doctors will be able to implement these types of shunts with reduced
chances for thrombosis, as well as increased blood flow distribution efficiency, critical in
patients with univentricular heart disease.
A parametric study was conducted for steady flow of a Newtonian fluid, taken to
represent blood, through parabolic pathways of varying focal lengths. Pathway diameters
of 3.5 and 4.0 mm were considered, which is representative of typical central shunts. The
following conclusions were drawn from the parametric curvature study:
1. Flow pathway curvature has a marked effect on wall shear stress distribution and flow
energy losses.
2. For moderate to severe curvatures, localized regions of increased wall shear stress are
created due to the elevated velocity gradients created by Dean vortices.
3. Maximum wall shear stress and energy loss values approach assymptotic limits as
curvature is increased and flow angulation approaches 180 deg.
4. An area of flow recirculation is formed downstream of the pathway vertex for
moderate to severe curvatures. Flow recirculation can be highly conducive to
thrombosis, since flow conditions can allow activated platelets to collect and attach to
the vessel wall.
Two cases were analyzed, which consisted of shunt geometries obtained from biplane
angiograms of patients with a central aorta to pulmonary artery shunt. Pressure boundary
conditions were obtained from these patients via catheterization. Both cases were
evaluated under steady conditions using both Newtonian and two non-Newtonain viscosity
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models commonly used for blood: the Carreau model and the Truncated Power Law model.
For the second case, pulsatile simulations were performed for Newtonian and
non-Newtonian viscosity models, and the results were compared to the steady cases. The
following conclusions were drawn from these simulations:
1. Wall shear stresses in the shunts were highest in the regions where shunt curvature
was highest.
2. Shear rates in the shunt exceeded the threshold of 10,500 s−1 that has been shown to
initiate platelet activation.
3. Wall shear stress results obtained using a steady model with time-averaged boundary
conditions showed excellent agreement with the time-averaged results obtained from
a pulsatile simulation. This conclusion was consistent across all viscosity models
considered.
4. For the geometry and boundary conditions considered, slight differences were found
between the different viscosity models. For the points of interest in this research,
namely wall shear stress distribution and flow energy loss, the Newtonian viscosity
model is considered sufficient.
5. Flow path characteristics in the branch pulmonary arteries can vary greatly between
patients, since there can be vast difference in the anatomical features of each patient.
While this work focuses on the central shunt, there are several other types of shunts
commonly used in the Fontan procedure that could be investigated. One such shunt is the
Sano shunt, which is connected between the right ventricle and the pulmonary artery. One
major difference between the Sano and central shunts is that the Sano shunt experiences a
ventricular pressure tracing, as compared to the aortic pressure tracing experienced by the
central shunt. This work could provide surgeons additional insight for choosing the most
appropriate shunt type for each patient.
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Appendix A
Derivation of Flow Averaged Energy Loss
Beginning with the energy equation for a control volume:
q˙in − w˙out = ∂
∂t
ˆ
V
eρdV +
∑
j
ˆ
Aj
(e+ P/ρ) ρu · ndAj (A.1)
The summation refers to evaluating the flux integral term at all inlets and outlets.
In equation A.1, e is the specific total energy, which is the sum of the kinetic, internal, and
potential energy, which can be written as,
e = u+
v2
2
+ gz (A.2)
In the following derivation, we neglect the potential energy term (changes in
potential energy between inlet and outlet are negligible). Also, there is no work done on or
by the control volume, so w˙out is zero, and the internal energy is constant over a cross
section.
Flow averaged pressure and kinetic energy can be defined as,
〈P 〉 = 1
Q
ˆ
A
PdQ〈
ρu2
2
〉
=
1
Q
ˆ
A
ρu2
2
dQ
(A.3)
so that
Ei/e = 〈P 〉i/e +
〈
ρu2
2
〉
i/e
(A.4)
which can be thought of as the rate of energy crossing the boundary per unit volumetric
flow rate. Each term has units of W/ (m3/s), or J/m3.
A.1 Steady State
In steady flow, the first term on the RHS of equation A.1 is zero. The internal
energy term combines with the heat term to produce a steady state of frictional losses
converted to heat out of the domain and represents the net rate of energy loss (power loss)
from inlet to exit, ∆W˙i−e.
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For a single inlet and one or more outlets, this becomes
∆W˙i−e = EiQi −
∑
j
Ee,jQe,j (A.5)
where the terms do not vary with time.
The flow energy losses presented in this study are given in terms of power loss per
unit incoming volumetric flow rate, which has units of W/ (m3/s), or J/m3 and is written
as,
∆Ei−e =
∆Wi−e
Qi
(A.6)
A.2 Pulsatile
In the pulsatile case, again for single inlet, multiple outlets, the rate of energy
dissipation is time dependent. The instantaneous rate of energy dissipation is written as
∆W˙i−e (t) = − ∂
∂t
ˆ
V
(
ρ
u2
2
)
dV + EiQi −
∑
j
Ee,jQe,j (A.7)
This differs from the steady state in two respects:
1. There is additional term that respects the instantaneous rate of change in kinetic
energy within the volume.
2. The flow averaged pressure, kinetic energy, and flow rate are all functions of time.
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Appendix B
Geometric Equations for Curvature Study
The inside edge of the vessel was defined as a parabola with focal length, f , by
y =
x2
4f
A parametric variable, t, is introduced such that
x(t) = t
y(t) =
t2
4f
The centerline of the vessel is defined by a curve that is parallel to the inside edge of the
vessel (the parabola), while offset away from the parabola by the vessel radius. The
parametric equations for the coordinates, x¯ and y¯, of the parallel curve are
x¯(t) = x(t) +
Ry′√
x′2 + y′2
y¯(t) = y(t)− Rx
′√
x′2 + y′2
where x′ = dx/dt, y′ = dy/dt, and R is the vessel radius. Simplifying, we arrive at the
following equations.
x¯(t) = t+
R
t
2f√√√√1 +( t
2f
)2
y¯(t) =
t2
4f
− R√√√√1 +( t
2f
)2
The above equations give the coordinates, x¯ and y¯, of the centerline of an R radius vessel
such that the inner edge of the vessel is a parabola with focal length f . Note that the
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domain of the parametric variable t defines the length of the vessel centerline and has been
determined numerically in this research.
The curvature, κ, is defined as
κ =
d2y
dx21 +(dy
dx
)23/2
which, at the vertex of the parabola, simplifies to
κvertex =
1
2f
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Appendix C
Mesh Validation Data
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C.1 Curvature Study
Table C.1 gives the results from the 20 cases considered for the mesh validation study. Case 20 was the most highly
refined mesh and was chosen as the benchmark to evaluate the other cases. Table C.2 gives the percent difference of each
parameter as compared to the case 20 result. This data is also shown graphically in Figure C.1
Table C.1: Mesh validation results for curvature study
Case
Inflation #
of Layers
Mesh Max
Size (mm)
Mesh Max
Face Size
(mm)
Inflation
Maximum
Thickness
(mm)
Total
Pressure @
Outlet (Pa)
Static
Pressure @
Inlet (Pa)
Kinetic
Energy @
Outlet
(J/m3)
Kinetic
Energy @
Inlet (J/m3)
Max Wall
Shear (Pa)
Mesh
Nodes
Mesh
Elements
1 15 0.500 0.250 0.5 4539 5780 2544 1531 306 73457 172939
2 15 0.333 0.167 0.5 4471 5767 2476 1544 323 162553 400596
3 15 0.222 0.111 0.5 4462 5749 2469 1562 352 361662 938885
4 15 0.148 0.074 0.5 4447 5760 2455 1551 352 841718 2299571
5 20 0.500 0.250 0.5 4511 5782 2518 1529 309 93774 211730
6 20 0.333 0.167 0.5 4463 5758 2468 1553 330 206424 485312
7 20 0.222 0.111 0.5 4615 5744 2622 1565 360 455999 1122931
8 20 0.148 0.074 0.5 4402 5746 2409 1566 358 1052199 2709983
9 25 0.500 0.250 0.5 4584 5789 2590 1522 308 114177 250939
10 25 0.333 0.167 0.5 4463 5763 2469 1549 328 250404 570669
11 25 0.222 0.111 0.5 4460 5762 2466 1549 359 550516 1308059
12 25 0.148 0.074 0.5 4377 5736 2384 1575 361 1263710 3126341
13 30 0.500 0.250 0.5 4527 5771 2534 1540 307 134431 289303
14 30 0.333 0.167 0.5 4538 5757 2544 1551 331 294313 655549
15 30 0.222 0.111 0.5 4441 5756 2447 1555 359 644957 1492741
16 30 0.148 0.074 0.5 4431 5733 2438 1577 362 1475095 3542188
17 35 0.500 0.250 0.5 4515 5781 2521 1530 307 154739 328057
18 35 0.333 0.167 0.5 4474 5749 2480 1563 328 338221 740513
19 35 0.222 0.111 0.5 4409 5755 2415 1556 360 739488 1677769
20 35 0.148 0.074 0.5 4520 5720 2528 1590 366 1686763 3959241
Chosen Case
Benchmark Case
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Table C.2: Percent difference of results as compared to benchmark case (case 20) for curvature study
Case
Mesh
Nodes
Mesh
Elements
Total
Pressure
@ Outlet
Static
Pressure
@ Inlet
Kinetic
Energy @
Outlet
Kinetic
Energy @
Inlet
Max Wall
Shear
1 73457 172939 0.21% 0.53% 0.32% 1.91% 9.02%
5 93774 211730 0.10% 0.55% 0.19% 1.97% 8.47%
9 114177 250939 0.71% 0.60% 1.23% 2.21% 8.74%
13 134431 289303 0.08% 0.45% 0.12% 1.62% 8.90%
17 154739 328057 0.06% 0.54% 0.14% 1.95% 8.90%
2 162553 400596 0.55% 0.41% 1.02% 1.48% 6.23%
6 206424 485312 0.64% 0.33% 1.19% 1.18% 5.28%
10 250404 570669 0.63% 0.37% 1.17% 1.32% 5.56%
14 294313 655549 0.19% 0.33% 0.33% 1.24% 5.14%
18 338221 740513 0.52% 0.25% 0.96% 0.88% 5.49%
3 361662 938885 0.65% 0.25% 1.17% 0.89% 2.01%
7 455999 1122931 1.04% 0.21% 1.84% 0.81% 0.90%
11 550516 1308059 0.67% 0.37% 1.23% 1.32% 1.01%
15 644957 1492741 0.88% 0.31% 1.62% 1.11% 0.99%
19 739488 1677769 1.25% 0.30% 2.28% 1.09% 0.91%
4 841718 2299571 0.81% 0.35% 1.47% 1.25% 2.05%
8 1052199 2709983 1.32% 0.23% 2.39% 0.79% 1.12%
12 1263710 3126341 1.61% 0.14% 2.93% 0.48% 0.73%
16 1475095 3542188 0.99% 0.12% 1.80% 0.41% 0.61%
20 1686763 3959241 0.00% 0.00% 0.00% 0.00% 0.00%
Chosen Case
Benchmark Case
Figure C.1: Percent difference of results as compared to benchmark case (case 20) for curvature study.
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C.2 Central Aortic to Pulmonary Shunt - Geometry 2
Table C.3 gives the results from the 12 cases considered for the mesh validation study. Case 6 was the most highly
refined mesh and was chosen as the benchmark to evaluate the other cases. Table C.4 gives the percent difference of each
parameter as compared to the case 6 result. This data is also shown graphically in Figure C.2
Table C.3: Mesh validation results for geometry 2
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1 0.75 25 0.75 1.80E-02 -7.18E-03 -1.08E-02 1756 319 535 90.5 640.2 6298 2626 2407 338967 755707 60% 40%
2 0.50 25 0.75 1.80E-02 -6.45E-03 -1.16E-02 1749 288 427 91.7 619.0 6304 2511 2372 718473 1632135 64% 36%
3 0.33 25 0.75 1.80E-02 -6.29E-03 -1.17E-02 1733 290 430 93.7 644.4 6320 2513 2373 1629937 3791919 65% 35%
4 0.75 40 0.75 1.81E-02 -6.44E-03 -1.16E-02 1783 269 403 91.4 636.3 6270 2488 2357 524397 1124960 64% 36%
5 0.50 40 0.75 1.80E-02 -6.28E-03 -1.17E-02 1751 282 472 91.5 612.5 6303 2557 2366 1107473 2407630 65% 35%
6 0.33 40 0.75 1.80E-02 -6.43E-03 -1.16E-02 1734 293 440 92.7 615.1 6321 2523 2376 2499785 5526882 64% 36%
7 0.75 25 1.00 1.80E-02 -6.99E-03 -1.10E-02 1762 318 502 91.8 624.7 6293 2592 2406 336040 738464 61% 39%
8 0.50 25 1.00 1.80E-02 -6.14E-03 -1.19E-02 1751 282 438 91.8 612.3 6302 2523 2367 712278 1595617 66% 34%
9 0.33 25 1.00 1.81E-02 -6.03E-03 -1.20E-02 1740 280 408 93.8 631.0 6313 2491 2363 1617198 3717302 67% 33%
10 0.75 40 1.00 1.80E-02 -6.66E-03 -1.13E-02 1769 303 465 91.9 635.1 6284 2553 2392 521508 1107943 63% 37%
11 0.50 40 1.00 1.81E-02 -5.92E-03 -1.21E-02 1761 267 432 92.7 619.3 6293 2518 2352 1101207 2370886 67% 33%
12 0.33 40 1.00 1.81E-02 -6.00E-03 -1.21E-02 1747 266 398 93.8 626.9 6307 2479 2349 2487036 5452145 67% 33%
Chosen Case
Benchmark Case
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Table C.4: Percent difference of results as compared to benchmark case (case 10) for geometry 2.
Case
Mesh
Elements
KE @
Shunt
Inlet
KE @
LPA
Outlet
KE @
RPA
Outlet
Shunt
Max
WSS
PAs Max
WSS
1 755,707 0.64% 4.53% 10.77% 1.17% 2.04%
2 1,632,135 0.44% 0.85% 1.52% 0.55% 0.32%
3 3,791,919 0.02% 0.38% 1.15% 0.55% 2.38%
4 1,124,960 1.40% 4.03% 4.16% 0.69% 1.73%
5 2,407,630 0.49% 1.85% 3.59% 0.68% 0.21%
6 5,526,882 0.00% 0.00% 0.00% 0.00% 0.00%
7 738,464 0.81% 4.30% 7.09% 0.48% 0.78%
8 1,595,617 0.49% 1.73% 0.25% 0.49% 0.23%
9 3,717,302 0.17% 2.11% 3.59% 0.61% 1.29%
10 1,107,943 1.01% 1.75% 2.79% 0.43% 1.62%
11 2,370,886 0.77% 4.36% 0.90% 0.00% 0.34%
12 5,452,145 0.38% 4.49% 4.82% 0.57% 0.96%
Chosen Case
Benchmark Case
Figure C.2: Percent difference of results as compared to benchmark case (case 6) for geometry 2.
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Appendix D
Raw Data
D.1 Curvature Study
Table D.1 gives the results from the 72 cases considered for the parametric
curvature study.
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Table D.1: Raw Data for Curvature Study
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1 3.5 1.00E+01 953,866 0.003 1.72E-02 1557 2463 5752 1994 7311 4457 -3758 906 2852 362 117605 2091 Laminar
2 3.5 5.00E+00 960,377 0.003 1.76E-02 1619 2729 5692 1994 7311 4723 -3698 1111 2587 330 106360 2134 Laminar
3 3.5 3.00E+00 957,902 0.003 1.83E-02 1743 2875 5567 1994 7311 4870 -3573 1131 2442 311 99928 2215 Laminar
4 3.5 2.00E+00 953,924 0.003 1.90E-02 1891 2931 5421 1994 7311 4926 -3427 1040 2387 277 90112 2309 Transition
5 3.5 1.50E+00 956,934 0.003 1.95E-02 1984 3021 5327 1994 7311 5015 -3333 1037 2296 245 79815 2364 Transition
6 3.5 1.00E+00 955,888 0.003 2.01E-02 2100 3152 5211 1994 7311 5147 -3217 1052 2165 204 67133 2433 Transition
7 3.5 6.00E-01 942,873 0.003 2.07E-02 2238 3274 5073 1994 7311 5269 -3079 1035 2043 162 52782 2513 Transition
8 3.5 2.00E-01 951,993 0.003 2.14E-02 2394 3441 4917 1994 7311 5437 -2923 1047 1876 93 30706 2599 Transition
9 3.5 1.00E-01 945,515 0.003 2.17E-02 2458 3517 4853 1994 7311 5514 -2859 1059 1800 70 23056 2633 Transition
10 3.5 2.50E-02 944,699 0.003 2.25E-02 2640 3761 4671 1994 7311 5758 -2677 1121 1556 63 20841 2729 Transition
11 3.5 8.33E-03 943,113 0.003 2.30E-02 2745 3982 4566 1994 7311 5978 -2572 1237 1335 63 21044 2784 Transition
12 3.5 5.00E-07 948,468 0.003 2.33E-02 2828 4096 4483 1994 7311 6091 -2489 1268 1221 64 21242 2827 Transition
13 3.5 1.00E+01 953,668 0.005 1.64E-02 1424 2161 5887 1994 7311 4156 -3893 738 3156 377 74211 1195 Laminar
14 3.5 5.00E+00 960,576 0.005 1.70E-02 1529 2302 5782 1994 7311 4297 -3788 773 3015 363 71353 1239 Laminar
15 3.5 3.00E+00 958,043 0.005 1.75E-02 1607 2463 5704 1994 7311 4458 -3710 856 2854 334 64683 1270 Laminar
16 3.5 2.00E+00 954,017 0.005 1.79E-02 1686 2592 5625 1994 7311 4588 -3631 906 2725 297 58695 1302 Laminar
17 3.5 1.50E+00 957,580 0.005 1.82E-02 1745 2670 5566 1994 7311 4666 -3572 925 2647 276 53462 1324 Laminar
18 3.5 1.00E+00 957,057 0.005 1.86E-02 1827 2769 5484 1994 7311 4765 -3490 942 2548 228 45056 1355 Laminar
19 3.5 6.00E-01 943,001 0.005 1.90E-02 1907 2878 5404 1994 7311 4874 -3410 971 2439 180 35513 1385 Laminar
20 3.5 2.00E-01 951,065 0.005 1.95E-02 2004 3000 5307 1994 7311 4997 -3313 996 2317 108 21288 1420 Laminar
21 3.5 1.00E-01 945,899 0.005 1.98E-02 2060 3069 5251 1994 7311 5067 -3257 1009 2248 83 16341 1439 Laminar
22 3.5 2.50E-02 945,076 0.005 2.06E-02 2230 3335 5081 1994 7311 5331 -3087 1105 1982 76 15184 1498 Laminar
23 3.5 8.33E-03 943,871 0.005 2.11E-02 2329 3603 4982 1994 7311 5599 -2988 1275 1714 76 15354 1532 Laminar
24 3.5 5.00E-07 947,792 0.005 2.14E-02 2399 3721 4912 1994 7311 5716 -2918 1322 1596 78 15527 1555 Laminar
Continued on next page. . .
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(Table D.1 continued)
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25 3.5 1.00E+01 953,866 0.008 1.53E-02 1248 1862 6063 1994 7311 3858 -4069 615 3455 375 46197 695 Laminar
26 3.5 5.00E+00 960,881 0.008 1.58E-02 1328 1986 5983 1994 7311 3981 -3989 657 3331 361 44084 717 Laminar
27 3.5 3.00E+00 958,028 0.008 1.62E-02 1395 2096 5916 1994 7311 4092 -3922 702 3221 331 41013 735 Laminar
28 3.5 2.00E+00 953,924 0.008 1.65E-02 1449 2190 5862 1994 7311 4186 -3868 741 3127 301 37321 749 Laminar
29 3.5 1.50E+00 957,580 0.008 1.67E-02 1486 2260 5825 1994 7311 4256 -3831 774 3057 278 34412 759 Laminar
30 3.5 1.00E+00 956,821 0.008 1.69E-02 1531 2350 5780 1994 7311 4346 -3786 819 2967 238 29528 770 Laminar
31 3.5 6.00E-01 943,261 0.008 1.72E-02 1573 2430 5738 1994 7311 4426 -3744 857 2887 195 24122 781 Laminar
32 3.5 2.00E-01 952,098 0.008 1.75E-02 1637 2519 5674 1994 7311 4515 -3680 881 2798 124 15373 797 Laminar
33 3.5 1.00E-01 945,514 0.008 1.78E-02 1685 2578 5626 1994 7311 4575 -3632 893 2739 98 12185 808 Laminar
34 3.5 2.50E-02 944,918 0.008 1.86E-02 1834 2849 5477 1994 7311 4846 -3483 1015 2468 89 11170 844 Laminar
35 3.5 8.33E-03 943,302 0.008 1.90E-02 1928 3159 5383 1994 7311 5155 -3389 1232 2158 90 11333 865 Laminar
36 3.5 5.00E-07 948,013 0.008 1.93E-02 1981 3273 5330 1994 7311 5269 -3336 1292 2044 92 11453 878 Laminar
37 4 1.00E+01 1,172,058 0.003 2.27E-02 1577 2692 5733 1994 7311 4686 -3739 1116 2623 359 115702 2406 Transition
38 4 5.00E+00 1,175,809 0.003 2.30E-02 1619 2905 5693 1994 7311 4898 -3699 1286 2412 329 105426 2442 Transition
39 4 3.00E+00 1,176,673 0.003 2.41E-02 1770 2981 5541 1994 7311 4975 -3547 1211 2336 317 102106 2556 Transition
40 4 2.00E+00 1,130,100 0.003 2.49E-02 1896 3148 5415 1994 7311 5143 -3421 1251 2169 283 93011 2644 Transition
41 4 1.50E+00 1,110,207 0.003 2.55E-02 1994 3260 5316 1994 7311 5254 -3322 1265 2056 261 84120 2710 Transition
42 4 1.00E+00 1,118,169 0.003 2.65E-02 2139 3299 5172 1994 7311 5293 -3178 1159 2018 221 71150 2810 Transition
43 4 6.00E-01 1,141,178 0.003 2.77E-02 2337 3447 4974 1994 7311 5442 -2980 1110 1870 171 56213 2937 Transition
44 4 2.00E-01 1,110,094 0.003 2.91E-02 2584 3651 4727 1994 7311 5647 -2733 1067 1666 99 32514 3089 Transition
45 4 1.00E-01 1,162,242 0.003 2.95E-02 2662 3739 4649 1994 7311 5736 -2655 1077 1578 73 23893 3134 Transition
46 4 2.50E-02 1,109,964 0.003 3.06E-02 2853 3973 4458 1994 7311 5970 -2464 1121 1344 62 20384 3245 Transition
47 4 8.33E-03 1,079,741 0.003 3.12E-02 2960 4164 4351 1994 7311 6160 -2357 1204 1153 62 20535 3308 Transition
48 4 5.00E-07 1,112,214 0.003 3.16E-02 3045 4252 4266 1994 7311 6247 -2272 1207 1065 62 20685 3356 Transition
49 4 1.00E+01 1,172,405 0.005 2.20E-02 1490 2283 5820 1994 7311 4277 -3826 793 3033 393 77109 1399 Laminar
50 4 5.00E+00 1,175,809 0.005 2.28E-02 1599 2406 5712 1994 7311 4399 -3718 806 2911 374 73073 1450 Laminar
Continued on next page. . .
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(Table D.1 continued)
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51 4 3.00E+00 1,177,452 0.005 2.33E-02 1679 2558 5632 1994 7311 4552 -3638 879 2760 349 68212 1486 Laminar
52 4 2.00E+00 1,130,297 0.005 2.41E-02 1783 2703 5528 1994 7311 4697 -3534 920 2614 320 62486 1532 Laminar
53 4 1.50E+00 1,110,061 0.005 2.44E-02 1839 2816 5472 1994 7311 4811 -3478 977 2501 288 56798 1556 Laminar
54 4 1.00E+00 1,118,683 0.005 2.51E-02 1937 2942 5374 1994 7311 4937 -3380 1005 2375 248 48956 1597 Laminar
55 4 6.00E-01 1,141,927 0.005 2.59E-02 2059 3073 5252 1994 7311 5069 -3258 1014 2244 198 39121 1647 Laminar
56 4 2.00E-01 1,112,027 0.005 2.68E-02 2212 3255 5099 1994 7311 5251 -3105 1042 2062 116 22798 1708 Laminar
57 4 1.00E-01 1,163,973 0.005 2.72E-02 2280 3340 5031 1994 7311 5338 -3037 1060 1977 87 17123 1733 Laminar
58 4 2.50E-02 1,109,788 0.005 2.83E-02 2459 3604 4852 1994 7311 5601 -2858 1145 1713 75 15014 1800 Laminar
59 4 8.33E-03 1,080,237 0.005 2.89E-02 2561 3835 4750 1994 7311 5831 -2756 1274 1482 76 15147 1839 Laminar
60 4 5.00E-07 1,112,904 0.005 2.93E-02 2635 3926 4676 1994 7311 5921 -2682 1292 1391 76 15255 1866 Laminar
61 4 1.00E+01 1,172,058 0.008 2.07E-02 1342 1987 5969 1994 7311 3982 -3975 645 3330 397 49066 825 Laminar
62 4 5.00E+00 1,176,894 0.008 2.14E-02 1431 2127 5880 1994 7311 4122 -3886 696 3190 387 47207 852 Laminar
63 4 3.00E+00 1,176,031 0.008 2.20E-02 1506 2258 5805 1994 7311 4253 -3811 751 3059 358 44387 875 Laminar
64 4 2.00E+00 1,127,070 0.008 2.25E-02 1574 2365 5738 1994 7311 4360 -3744 791 2952 330 40745 894 Laminar
65 4 1.50E+00 1,110,333 0.008 2.28E-02 1624 2440 5687 1994 7311 4435 -3693 816 2877 309 37921 909 Laminar
66 4 1.00E+00 1,117,427 0.008 2.33E-02 1690 2550 5621 1994 7311 4545 -3627 860 2767 268 33174 927 Laminar
67 4 6.00E-01 1,142,417 0.008 2.38E-02 1759 2668 5552 1994 7311 4664 -3558 909 2649 219 26955 946 Laminar
68 4 2.00E-01 1,112,695 0.008 2.44E-02 1857 2809 5454 1994 7311 4806 -3460 952 2508 135 16658 972 Laminar
69 4 1.00E-01 1,161,990 0.008 2.48E-02 1914 2889 5397 1994 7311 4886 -3403 975 2428 104 12862 987 Laminar
70 4 2.50E-02 1,110,394 0.008 2.58E-02 2073 3175 5238 1994 7311 5172 -3244 1101 2142 90 11198 1028 Laminar
71 4 8.33E-03 1,079,505 0.008 2.64E-02 2170 3447 5141 1994 7311 5442 -3147 1276 1870 91 11323 1052 Laminar
72 4 5.00E-07 1,116,039 0.008 2.68E-02 2227 3537 5084 1994 7311 5532 -3090 1310 1780 91 11397 1066 Laminar
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